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On a Class of Determinants having G-eometrical 
Applications. 


BY 

N. N. Gnosn, 


The determinants studied in this paper are those formed by the 
multiplication of rectangular arrays. If 
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hm2 

... i^mn 


be a pair of rectangular arrays each having m rows (linearly indepen- 
dent) and n columns, n>m, then the product AB or BA of these two 
arrays is the determinant of mth order 


(^/h)n ••• (^/h)im 

(^1^)21 (^/h)22 •••, (^*’/h)2m 


I (ii/h) m [ ••• (a/0 mm I 

In the above (alb)i j represents 

\b ji +ai^b ... ’ha^^bjn. 


( 2 ( 


... ( 8 ) 


which may be regarded as the product of two single-rowed arrays 

I ... ^in\ ^iid 1 bjnli 

We shall use the following compact notation 

( aj ^2 } 



... ( 4 ) 
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to represent (2) and the properties of the determinant will be obtained 
with reference to (4). 

To write down the constituent in the tth row and jth column of (2) 
by means of (4), we take the ith element of the first row and fth 
element hj of the second row from it. Then we associate with a^, 
the array | a.ij a^Q | and with bj^ the array | bji h 1 

and by forming their product we get (8). 

2. From each of the rectangular arrays (1) we can form (”J 

determinants of order m. Let represent a pair of correspond’ 

ing determinants in A and B, then the value of (2) is expressed also as 

\ 't' H" ^mp(^mp ••• (^) 

where all possible products of corresponding determinants are 
involved. 

The 7xl/m I(n~m) I quantities a^ 2 » taken in some 

definite order will be called cO’Ordinaies of the array A. 

3. Square, of an array A is, by our notation (4), represented as 


j H (^2 ... O.m 

whence the element in the fth row and fth column of (2) is written 
{ala)ij = CLiiCtj\+aiQaj2 + ^ciin^jn • 

Corresponding to (5), the value of (6) is also given in the form 



To find an interpretation of A + B, we remark that since 
(A + B)2 = A2 + B2+.2AB 

^ 1 "t* 1 ) ^ ^ i^mp “t" jt?) ^ . 


( 6 ) 

(7) 

( 3 ) 

(9) 


A + B must represent an array whose co-ordinates are the sums of the 
co-ordinates of A and B. As we cannot in general express the sum of 
two determinants as a single determinant, so with regard to arrays. 
A + B cannot in general be expressed in the form of an array. In the 
case of single-rowed arrays this is obviously possible and such arrays 
may be identified with vectors. From (5) and (9) it can be seen that 
the co-ordinates of an array form a vector.* 


^ Such vectors arc called pure vectors. 
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4. In tlie determiDant (4) we have only two rows and m columns, 
the elements in each of them are one-rowed arrays of order n, which 
we shall, henceforth, call vectors. There are thus two sets of vectors 

hi and (4) may be called the scalar determinant of mth order of the 
sets of vectors hi. 

The following properties of a scalar determinant are easily verified : 

(0 Interchange of rows or columns in a scalar determinant does 
not alter its value. 

(u) If any two vectors of a row be interchanged, the sign of the 
scalar determinant is changed. Hence, if any two vectors in a row be 
identical, the determinant vanishes. 

(Hi) If any vector in a scalar determinant is the sum of a certain 
number of vectors, the determinant can be resolved into a correspond- 
ing number of scalar determinants. 

(iv) If any vector is multiplied by a scalar, the determinant is 
multiplied by that scalar. 

(v) If m > 71 or the vectors be not linearly independent, the scalar 
determinant (4) vanishes. If m=n, the scalar determinant breaks up 
into the product of twa determinants. 

ri. We shall now obtain Laplace's expansion for a scalar deter- 
minant. 

If ip i 2 > h' is a sequence of r distinct integers in natural order, 

chosen out of the integers 1,2, ... m and i,. ,1 the remaining 

(m— r) integers also arranged in natural order, then the scalar deter- 
minant 

( a^ a^ .. 

I hi hs .. 

may bo expressed in tbe form 
T_£!L»Lt.U ( 

5(-l) ^ \ 

where I = ii+i 3 + ... +jV. 

In the above (?) terms are involved each corresponding to anr- 
combination of the numbers 1, 2, ... TO.. 

6. The following general theorem with regard to scalai deter- 
minants may be proved by the process of induction. 
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If the vectors (z = l, 2, ... s) are replaced by 

Pn + Prs ^^2 + + Vir ^ s 

in the scalar determinant 


( 11 ) 


Cj a2 a-m I 

I) I ••• i 


then it is resolved into 


where 


* 1 ^2 

&i 62 


a' fl , 
<, s+l 


’>+1 


1 , 

h,m J 


( 12 ) 


i ^ stands for the determinant of sth order, 

PU I Pi ^ ^ 

V2(^ **• P2< ^ 


Vsi-y Vii^ *•* ^ . 


(13) 


1 “■! 

(ij .. 

- «,» j 
i 

1 

Pl2 . 

S'"' 

“'e ■ 

ai 

r 

k-i 

a , a ) 

r d 1 m ( 

( 5 i 

1)2 . 

b 

1 

( br 

62 . 

.. 6, 

h ^ 1 1 ... 6,^, J 


the summation being extended over all ^-combinations of the numbers 

1, 2, r. 

If f =a, then obviously 


(14) 


7. Starting from an origin 0 and a system of n rectangular axes, 
the m> vectors a^, forming the array A. determine an ta-dimen- 

sioual linear sub-space. If Pi, be scalars, then any vector of 

the form P|«i + p*ja 2 + .-+'Pm^M belongs to the sub-space. Let ns 
suppose that in the scalar determinant 

ia^ 

(bi bz -. b ,, 

the voofcors a, (i = l, 2,...8) are replaced by vectors 

P(1®1 +2’‘2®8 + +PimP'mt ••• (15) 

all belonging to the same sab-spaoe. By the last theorem, wc notice 
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that (12) now contains only a single term, the other terms vanishing 
because of the property (ii). Hence the result is put in the form 


If again the vectors 


P 


bi 


(6, b2...bj 

(i=l, are replaced by 


^ilbi+qizb2 + + qimb,n, 


(16) 


in a similar manner, the resulting change will be indicated by the 
formula 




[bz b.2...b^ 


(17) 


8. We shall now prove in a general way that the scalar determi- 
nant is an invariant-’' for any orthogonal transformation. 

Let a'l, a'a be a set of n independent orthogonal unit vectors 

such that 

i^j, 


(a' I a') it = 1 . 


By choo.sing m of them we can form (”) sets of vectors and it is easy 
to see that the scalar determinant of two similar sets is 1, while that of 
two dissimilar sets is 0. 


Let di — Pf lO'j -f-pi + ■• + p<n®V> 

bi —q { lO'i -f + 

then the scalar determinant 


(*=?1, 2,...m) 


tti a^. 


transforms into 


' [a'i a'i tL/f 

< '—i Qi < ..•« ^ , ” 

12 m I 2 m i Wi t 

V 1 2 m 


.. (18) 


where the sum is taken over all w-combinations of the numbers 


* It ia obvious since evej^ element of (2) |a known to be invariant* 
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As the scalar determinants in (18) have all the same value 1, we 
see that this can be expressed in the form (5) and therefore as the 
scalar determinant 

fpi V^--Vm) 


I2i 22- 


.g» 


which corresponds to the vectors a^, 6^, referred to the new orthogonal 
basis. 

9. In the original n-space, let us consider a pair of m-dimensional 
sub-spaces corresponding to A and B. Then the invariants 


(X I {Ig 


( C-i Co 


and 


UiK- 


measure the square of the contents of the tu - dimensional parallelotopes 
formed by the vectors and 6^ of A and B respectively. In 
particular, 

i ^i ^2 ^ 3 ) 

^2 ^ 3 ) 

is the square of the volume of the parallelepiped bounded by the 
vectors as conterminous edges. If further, we form an 

entity 

(^1 ^2 ^ m ) 


(61 bs. 


(^1 (^1 


then by (15) and (17) , it is an invariant for any transformation of the 
type (15). Such invariants are called angular invariants.'^ 

10. We shall now express the projection of a given vector on a 
given sub-space. 

Letbx be the given vector and a^ ({=1, be the vectors 

forming the sub-space. Then the projection of bj must be of the form 

+ If fhe projection be orthogonal, we 

must have the vector 

— 2^2 ’t* “b P 1 


^ Jordan, Bssai sur la geometrie ^ n dimensions. Ball do la Soc. Math, de 
.France, III, lari 
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perpendicular to the sub-space, i.e,, perpendicular to each of the 
vectors forming the sub-space. Consequently, 


Pir 


Pl2 = 






and so on . 


If 0 be the angle between 6^ and its projection, then it can be shown 


where 






^1^2** 

'^m 

On = 

■ bt 


sin2^ 




= sq. of the length of ft,. 

11. We next proceed to obtain some more properties of the scalar 
determinant 

jfli 

kv-M’ 

which we shall represent by A? or simply by A. 

If ?i>j 2 >”-?r be a sequence of r distinct integers in natural order, 
like the sequence ij, is,...?,, defined in Art 6 and jV+ 1 , fr+a.-f™ be 
the remaining m — r integers also arranged m natural order, then 


(-11 J 1 2 *■ ’•+1 «•( _ A 


where J like I stands for the sum J i + Ja + - • - + j r • 
In the above, the minor determinants 




(-1) 


' r t* 1 1 


1 ' 


are said to be oomplemenpry to one another. 


.. ( 19 ) 
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Honoting in particular, the complement of by we have 


h<.( 


ja 

\^<rl i, Ui 



i * 

/*/ +. 

> 2 ) •'2 


+ 



, + 


6 , 


{ 

IX r 



A, 

0, r=|^s. 


I he following identity can now be easily established : 




l<‘ -hi, 


r + 1 


ml 

h, h 


i. 




<2 

1 


/X / ... 

/X 1 

■' r 

IX, ... 

^ -/2 

^ 2 

i 

i 

hi - 

T 

/’■i 

J y 






r + 2 


•^'r+V ■^r + 2 


... 6 ; 


Using the symbol /t' to denote the determinant involving a, we 

I J Of 

i*,aa rewrite the above in the form 
/*/ =A»-i(~i) 


r — 1 

= A 





( 20 ) 


whore the suffix /t attached to the minor indicates its complement to 
ho taken. 

12. ff in the scalar determinant A?, we replace Cj a,^,...a,^ by 
(• ^ ^ ( af-** respiictively, then the resulting determinant ic expressed 

by fhfi symbol 




lA. 
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Again, if 6^^ be replaced by Cy^ use the 

symbol 


Cj- Oj^...Cj \ 

to represent the determinant. 

V. 

A represent A in which is replaced by Cj 

have then 




we 



for which we 
two arrays 


fniY 

use the symbol ^ j A , resolves into the product of 



^ 1 

^ \ 

i 

IMi 

P2 

Pm 

* 2 



P\ 

/Xjj .... 





ir 

i ^ 



• r » r * f 

P'2 * ‘ 


2 
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‘ -‘'ir’ *lt‘ .-xi.ii-Hsittn u',) fur 

^ 4i II. f i « Ijl,, 


the praihiot, we have for u typical 


.^•'1 ‘■*a 


Cj'"" 


k r 


» !.*• fi ], ^ I, 


ttv nl !|„. (?) oginhumtioiiH of 

1 ?l|r, «ti lintiiiul 

*‘i (.Nij. tlu’ til.Mve Jiiiiy 111. written 


taken r 


1 »*'i**..i*% 


4 * 


1“ 


If. 

1 ® I 




I I Lii|»lttr* *1* rJ||M»Hi$ri|| 




Uriwii Ihi* ttruduel iinty be expressed in Hits form 




I bus 


( ) A •» A ( ’ ' ' lA. 


I J' 


' I ' 


... ( 21 ) 


III tit now retort to Art.’ 10 and consiiier projections more 


liiilir 


l»<n «ln’ orthoffiiiiAl |irojeeti«n of h, hy r^, we have 

r, *« p, jO, * /*,/s+ 


• Itfl'K* 


A.Pi j 


I I 


!u A* ttandt for the wfihir iktcrtuiiuml 
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Since hf—Ci is perpendicular to each of the vectors a^, 
we have 

= 

(^1 ^2 Cj (Cj Cg 



1 °2 

Or] 

1 

!■ 1 
>• = 


br\ 

(a i a f . . . 

..Mi 

1 i 

a y a i ... 

...C,- ) 

^ ^ 1 * 2 

* r - 

f } 

c * 1 * 2 

* r ^ 


r m (22) 


Now by (12), 

(&t ^2 


Cl Cq. 




r^2 


b, b, 


where 




But by (21), 


Aa = (AJ 


1 ~'^2* 

\hi &2.. 


]Aa 


Therefore 


Aa 


6 1 5 2 • • • h r 



(23) 


When r = m, we have 



(24) 


Let us consider r-dimensional sub-space formed by the vectors 
then the expression 


|c, Cg-.-C^ 

1 Vi 

jCl C2...cJ 

|c, Cg.-.C..) 

Vi 

|6i ,j 

[hi 6g...h^ j V ( 

Cl C2...Cy| 

Cj C2^..Cyj 

[ vl 

'6i V-.h.) 

6, hg...br] 


by (22), 

The numerator in the right-hand expression represents the content 
of the ‘projected* sub-space of r dimensions in the m-dimensional sub- 
space, formed by the vectors Cj, The above measures the 

angle between sub-spaces, ■ 
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I'V.iia (2.1), tvehave 

''mj ^ / |«1 a.2 ^”‘1 A. '^”‘1 

. i , ''»S ^ la, aa aj <>2 oj ’ 

^ ; uri iuiorprefcation of the scalar determinant A?, 
i I. W M concliule this paper by remarking that a scalar determinant 
'ill alwujH lu‘ expressed as a product of scalar determinants. 

1 f A/ d(‘not(\ the scalar determinant 





i‘ixiiig Upon a minor 

|«1 "2 «■.-) 

K) 

by a/, let u 8 replace each of the remaining vectors irt 

f 

A I by llie factor 

-.V'C;K:/< • - ■■■■ 

Tiiiii operation does not change the value of A?, which appears 

m Itiit new form 

• V . ... ... ( 26 ) 

(JA b ^ r b r i 1 7‘ 4 2 • ’ * ^ 

%u\\ it in oaKy to see that is orthogonal to each of 6 
fur flu* Hnibir determinant 

V>k 

(4( «l(rHlly if h r. 

Tluw w«< luivK «xprn88(id A? in the product form 

') (") ( ' ■■■ 

(!lj {&r+l r I Si***^m ) 

JniW.lifiuging a, andf)( we notice, further, 

(ll',. .j ll^r I 2 '- ^^V + 1 &V+2“*h^,«) 

•. [ ~ ) ( * 

ik jnijH'lititm of the fortnuln (27) leads to what may be called th© 
,*!t»ti»ni(‘«l hirtu of a scalar determinant. 

iJrpartinont of Mathematics, Calcutta University. 

Hull, Cal, Math, Boc., Vol. XXVIII, No. 1 (1936). 
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On a Class of Integral Equations 

BY 

Mauriojb db Duffahel. 


1. Iniroduotory . 

In a paper which appeared in the Bulletin de Mathematiques 
Buperieures ; supplement, VoL XXXII, Session 1932-33, ^ I showed 
how the application of Laplace’s transformation to certain linear 
differential equations enables us to solve some homogeneous integral 
equations of the first and the second kinds, and I obtained by an ex- 
tension of this method, the solution of integral equations whose nucleus 
is of the form f{zi) or 

I propose now to show how this method furnishes the solution of 
an infinite number of homogeneous integral equations of the first and 
the second kinds where the nucleus satisfies a partial differential 

equation with respect to ^ and C of a rather general form ; and I shall 
then make some remarks on these integral equations. 


2. Exposition of the method. 

Z and S being functions of is, and h an arbitrary constant, let 
us consider the linear differential equation of the first order 

Z^+[S + h)y = 0 . ... ( 1 ) 

Its solution is 

y^a) = C 0 ^ 


Let us now make, in 
variable 


the equation (1), the following change of 


2/(«) = C /( «,« )tj( f )*, 


* References to this paper will be made in the present one nnder the symbol I, 
followed by the indication of the paragraph. 
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where a and b are two constants, conveniently chosen, and where 

js a function of « and t, which satisfies the partial differential 
equation of the first order 




... ( 2 ) 


can 


In this equation Z and S are functions of « already spoken of, and T 
and 9 are functions of /. It is evident that neither Z nor T 
vanish. All our reasoning supposes that essential condition. 

We have 

- fs/ 

«/ 


0» 


■vdt. 


and equation (1) becomes 
n 


J v{t)dt +Sf+hf 


But using equation (2), this becomes 

j* u(f)d/ j^-T^ - 0f+ht~j = 0. 

Now we can write, by integrating by parts. 


f 


df 

Qz 


^ Ti.0)d.f = [ / To] - \ !{lv' + Vv)dt 


f 


If then we choose the constants a and b such that 


( 3 ) 


[/To]' =0. 

a. 

and the suitable value of v is given by the linear differential equation, 
To' + o(T-0 + h) =0, ... ... (4) 

where t is the independent variable. 

The solution is 
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16 


and wa find then the homogeneous integral equation of the first kind 

® = ^h\ e ^ ... (5) 

tJ a -I* 

In. this equation a and b must be determined as we have explained 
above ; we can take two constants, independent of such that 

= /(^,6) = o. 

The value of A, which is also to be determined, will be easily obtained 
by giving to is a known value, such as 0 or 1. Its value changes 
with the constant h. 

It may be understood that we are thus led to a very general class 
of integral equations. Depending upon a partial differential equation, 
the nuclei will always contain an arbitrary function ; but generally, 
they will be unsymmetrical. 

The two nuclei studied in the former paper /(^i) and 
(I, § 3-5), are mere particular cases of those we are now speaking of. 

3. Case in whwh the integral equation is of the second hind. 

As was pointed out in § 2 of our other paper, the integral equation 
will be of the second kind when the equation (4) turns out to be pre- 
cisely the same as (1) i this occurs if we have between the four func- 
tions Z, S, T, 0 ( in which we suppose a single variable, say u, has 
been written instead of is and i), and k, the relation 

S+h h+V-0 

- Z ‘ 

Very often, for a given function this condition will be fulfilled 

only for a particular value of h. For instance, with the nucleus 
it is fulfilled only for ; if we give to h any other value, we shull 
obtain an integral equation of the first kind. 


4. Examples and applications, 

A. Let us consider, as a nucleus, the function 





^ being an arbitrary function* 
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It satisfies the partial differential equation 

4/+(|+/ = 0, 

which is of the form in question ; and in that ease, as we have 
Z = T = S = 1, ^ = 0, 

the corresponding integral equation will be of the second kind. 

It is easily seen that the solution is h being a constant. 

So we have the integral equation of the second kind 

7TI 

V a 

If, for ^ = 0 , we have 0 ( ^)=o, and if, for t = +30, 

t 

f C-^) ^ 0, we can take 0 and + oc for the limits a and b. 


This will he the case, for instance, if we take 
<p(l) = 6 

The value of Aj will be obtained by making « = 1, and so 


i. = f fi.) JL 
Jo ^ 


We are now able to solve the equation of the first kind 


Jo 

where F is known and ^ unknown : for, let us expand F in a Immmi 
series for points z within an annulus whose centre is at the origin : 

F (^) = z^[aQ + ai^ + a2Z^ + + + 


we have for the unknown function (f), 

^ (t) = + Ajfc + i + X;5.+2a2f^ + ... + 

+x*_,h,r2 + ...], 

the X's being given by the above formula, 



ON A CLASS OF INTE6EAL EQUATIONS 


17 


B. The function 

z z ~^z 


satisfying the same partial differential equation, the above results 
remain unchanged for integral equations with this function fi as 
nucleus. 

C. Again, the function 


fM = Hj) 


1 


which satisfies the partial differential equation^ 


M + t^+nf= 0, 

dt ^ ' 

leads to the integral equation of the first kind, 

-•CX) 


,= \i\ ^(-1)— i — f + 

Jo * »”±t” 


As above, we can deduce from this equation the solution of the integ- 
ral equation of the first kind, 


by the process of developing F (z) in a Laurent’s series of powers 
of z. 

D. Another example of integral equations of the first kind obtain- 
ed by our method is the following : 


J oo 

— oc 

the functions ^ being such as 

Lim <j> (u) = Oj 

U=±30 

5. Change of VariahU, 

A great number of new integral equations (generally of the first 
kind) can be deduced from known ones by change of variable. For, if 

8 
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we know the function v{t) which satisfies the integral equation 


2/(«) = I* ^{i) 

we can at once write the solution of the integral equation 


= 2/ (D = 

where ^ is a function of is,'0 a function of t : it appears clearly that 

».w = mf . 

It is by using the change of variable that it is possible to deduce an 
integral equation of the second kind from one of the first kind (see an 
example of this in I. § 7). 

It may be seen that the equation obtained above in example 0 can 
be deduced from the equations in examples A and B by writing 

^ u 

and also the integral equation 

= X,f di. 




fii, 0) di, 


which is a particular case of example C, with n=0, 
from the following (I., § 4) 



<l> {i^i) dt, 


can be deduced 


by changing i into 


1 

t 


Starting from this last formula, let us put, instead of t, a function 
g (t). We have 

i> [« 9\t) dt, 

and this gives us the solution of the integral equation of the first bind 



4> [. g(t)] m dt, 
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which solution will be obtained by the process of developing F (a) in 
eries, as we did in the preceding paragraph. 

For instance, let us take 

g [t) = log t ; 

we have 


which gives us the solution of integral equations of first kind with the 
nucleus (alog t) or, what is the same, 4> (t‘). This result can also 
be obtained by our direct method, the function 

/(«. i) = 0') 

satisfying the partial differential equation 


91 

da 


■t log 


dt 


0 . 


A similar change of variables gives us the integral equation 







and gives us a method of solving an integral equation of the first kind, 
with this nucleus, when the known function of z can be developed in a 
series of powers of / 1 . 


6. Extension, 

It will be easily understood that our method can be extended to 
nuclei / (z^t) satisfying a partial differential equation of the second 
wder, of suitable form. The differential equations for y and v will in 
this case be of the second order ; and we shall then obtain a relation 
such as 

Ci 2/,+C22/2 = xj* /(«, f) [c^Ui +C^2^’2] 

the y ^8 and -y’s being particular solutions of their respective differen- 
tial equations. This is an integral equation of the first kind and one 
has to determine the suitable values of the o'a. This case is much 
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more complicated thaa the case of the first order, and naturally, so 
also would be those obtained by extension to the third, fourth,..,... nth 
orders. 


29, Ohichli Hesat. 

Stamboul, 
Tuniuie d'Burope. 


Bull. (Jal. Math. Soo., Voh XXVII, No. 1 (1986), 
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Plane Strain in an Infinite Plate ’with an 
Elliptic Hole 


BY 

S. Q-hosh, 


The object of the present paper is to give a solution of the problem 
of plane strain in an infinite plate with an elliptic hole, when the 
surface tractions on the elliptic boundary, are prescribed. The corres- 
ponding case of given surface displacements, has already been treated 
by Love, ^ without the use of the stress function x* present 

case, it has been found advantageous to introduce the stress function 
Xi whose form in elliptic co-ordinates, is well-hnown. 


Let 
so that 


The co-ordmatee. 

G cosh aQOB p, y — c sinh a sin 


( 1 ) 


1 

■p' 


8x 

0a 


+ 


8.T 


= ^ (cosh 2a - cos 2/3). 
2 


(2) 


The curves a = constant, are confocal ellipses and the curves /3 « 
constant, are confocal hyperbolas. 

In a previous paper, ^ it has been found that the stress components 
and the displacements are given by 


p (cosh 2a-cos +8inh 2ag-sin 2^^^ 






PI. 

h* 


■{ 

S =£![ 
2L 


(cosh 2a — 008 2/3)>--4- — sinh 2a + sin 2)S®^ 

^ 8a2 aa '^QjS 

(cosh 2a -cos 2^)^^+ sinh 2a |^+sin 2/3^ 


( 8 ) 


1 Treatise on the Theory of Elasticity (1st Ed.), VoL I, 840 - 44 , 

^ “On the solution of the equations of elastic equilibrium suitable for elliptic 
bouodanes.”— Trans, American Math. Soo., 32, No. 1, 47 *‘ 60 , 
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and 


2yw.^i _ _§X . J: 9P 1 

T~ 8a fes 

+. J: I 

h ' da. ’ ) 


where 

V®P = 0, 

and 

^(l + ^(l. QP \ = h±l!i( ^ + ,Q^x 

0a yh® 0^ y Q^\h^ 9a y X + fi \ 0a® ©/3® 


(4) 


(5) 


The method of calculating (1/h®) (8P/0a), (!/?*• ^) (8P/8^) has 

already been given in that paper. 

The stress function x satisfies the equation, 

x== 0* (^) 

whose solution in elliptic coordinates, has been foixnd in the paper 
cited before. The terms in Xr which give rise to rjaany-valued dis- 
placements, have been been found to be 

a (cosh 2a 4- cos 2j8), a cosh a COS a sinh a Bi3a /3. 

It can also be verified that 

jS cosh a cos jS, sinh a sin /3, 

are solutions of (6) and give rise to single- valued stresses. It will 
subsequently be shown that the corresponding displacements are 
many -valued. 

disflacmieniB? 

If 

X ~ (cosh 2a + cos 2/3), 

it has already been found in the paper previously referjred to, that 

1 ^ _ 2(X+2^) (^siQi^2a — asin 2^) , 
da A+/* 

1 ^ = ?(^^(^8m2^ + asmh2a), 

X + fjL 

1 Tlie many-valued displacements have been obtained iaa a slightly dilferenl 
manner by Timpe, Math. Zeit. 17, 2B9, 



PLANE STEAIN IN AN INFINITE PLATE WITH AN ELLIPTIC HOLE 


SO that 


= - (cosh 2a + cos 2/3) + /3 sin 20+ a sinh 2 a, 1 

h X + ju A + /a I 


2ixv 

h 


sinh 2a- a sin 2/3. 1 

X + fx ■ X + fx } 


y 


If 


X = cosh a cos 0, 
it has been shown in the same paper, that 
1 8P 


feS 0a 

1 8P 


A' {0 sinh a 008 0-0. cosh a sin 0), 
A' {0 cosh a sin ;S + a sinh a cos 0), 


3/3 

and A' is found from the equation (6). which gives 

A/ = * 

X + fx 

Hence 

= - cosh a 008 0+ if 0 cosh a 8m 0 + -r-^a SinhaCOS;S, 
h A + jii A + jtt 


2 fji.v 

h 


0 airih a COS /3 — — if-a COsh a sin 0. 
X + n A + /i 


If 


X = a sinh a sin 0, 

it has also been found in the same paper, that 
1 3P 


da 

1 0P 


B' (a sinh a cos 0 + 0 cosh a sin ^), 
B' (a cosh asm 0—0 sinh a cos 0), 


h® 0/3 

where B' is found from (6) to be equal to 
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Heuce 


= -sinh a sin S- sinh d cos j8 + cosh a sin 13, 

h A + /t A + /i 


h 


^ + cosh a sin i8 + a sinh a cos j8. 
A-h/x ^ A + /4 


If P ^ 

it can easily be shown that 

L -, (a sinh a cos jS + yS cosh a sin ^), 


1 

8P 

A + 2iu 


Qa 

A + /X 

1 

ap _ 

_ A + 2ju 


9;8 

A + /X 

Hence 



2fxu _ 


A-l-2jU. 


(a cosh a sin jS — /? sinh a cos ^). 


-cosh a cos a sinh a cos jS - cosh a sin /3, 

A + /JI A + /X 


Finally, when 
we can show that 


= jQ sinh a sin jS, 


1„ sinh a cos jS-a cosh d sin /?), 1 

da X^fx I 


}r cosh a sin /3 + a sinh a cos /3). 

d/i X + jj. 

Hence 


2fiu ^ 

h ■" 


a sinh a cos iS + iQ cosh a sin /3, 

A+jtJt A + ju 


-sinh a sin ^ 


• AlL?/! d cosh a sin + ^ sinh a cos ^8. 

A + ^ A + /X 


The displacements (8), (10), (12), (14) and (16) are obviously many- 
valued displacements, but by suitable combinations of (10) with (16) 
and (12) with (14), we can get single-valued displacements. 
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Gomparing (10) with (16) and (12j with (14), we find that if Ave 

X = A (a cosh a COS /3 — ^ sinh a sin /?) 

P- 

+ B (a sinh a sin ^ + A j l- ii . cosh a cos /3), (17) 

th€:5 displacements produced are obviously single-valued. 

It can easily be verified that the stresses calculated from (17) are 
single-valued. 


Stress Function. 


Thus the solution of (6), which gives rise to single-valued displace- 
ments only, is obtained by considering the value of x given in (17) 
witli the value of x given in the paper already mentioned. Separating 
the many-valued terms, we write the stress function in two parts 

X. 


x' = A (a. cosh a cos /i 


jS sinh a sin 0) 

H 


-h B (a sinh a. sin 13 + (3 cosh a cos 0 

+ C|S. 


(18) 


and 



where 


^0 = n 0 2a + f) 0 sinh 2a + b'oa, 

(|>l=a^ cosh 3a + {>1 sinh sinh a, 

^2 = ao + (*2 cosh 4aH- bj sinh 4o + a '2 cosh 2a + 2a, 


and forn ^ 3, 

</)„ = a „_2 cosh (n-2)a + b „-.2 sinh (n-2)a 

+ a„ cosh (n + 2)a + b„sinh (n + 2)a + o'„ cosh na 

+ b'»sinh«a, 


I (19 fl) 


J 


4 
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and 


^j=Cjeosli Sa + d^smb 3a + c^iCOsh a, 

= -f Cq co3h 4a + sinh 4a + c'2 cosh 2a 

and for n ^ 3, 


\ (le * 


= cosh (n — 2)tt + d„«2 (n— 2)a 

+ c,i cosh (n + 2) a + d«’S'nb (rt + 2)a + c'„ cosh na 

+ df'„sinh'na. ' 


The terms a'jcosh a and d'^sinh a have been omitted from fl>i 
respectively, for with these terms, we have 

which gives only rigid -body displacements. 

We will now show that the terms in (18) correspond to restiHb»i 
forces and couples applied over the boundaries. 

If (r, 0) be the polar co-ordinates of the point (a, /3), then 
f2 = (cosh 2a + cos 2^), 


so that 


log log ^ log 2 (cosh 2a + cos 2^) , 


W+ 1 


log — + a+ 's ^ 6"®““ cos2n/8. 

® 2 n=l w 


Also, since log r and 6 are conjugate harmonic functions. 


oo 


^ = B+ S L_i^" e-®"“ sin 2n/3. 

«=i n 


For pressure radiating uniformly from the origin, 
X = 


^ log^+a+ J InH”"’ 6-2 «‘‘cos 2nj8. 
“2 ^ 
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■ij'or a couple of tnomeiib M at the origin, we have 


M o , M (-1) _2„„ . o n 

P + -— — S ' — - e sin 2m;S. 

’ZlT iiTT ?i = I n 

For a force X at the origin along the cr-axis, we have, 


= - ^/38inhasin^i 

+ terms which are biharmonic. 

For a force Y at the origin along the 2/-axis, we have 

= ~ — \ a sinha sin/3 -h ~ — ft cosh a cos ^ 

2n-(X + 2/i.)| /A 

+ terms which are biharmonic. 


Comparing (21), (22) and (23) with (18), we find that gives rise 
to resultant forces and couples on each boundary and can therefore be 
omitted, when we consider the tractions on each boundary to be in 
equilibrium. 

The stress components act, a P calculated from (3) with the stress 
function (19), are given by 

\-rA - ('/’'o sinh 2a + 3</»o) 

0-^ «A 

+ (““</>iOOsh 2a + </>'isinh 2a + (pi +^<l> 3 ,) cos /3 
+ ( — icosh 2 a +■ Ip' 3 sinh 2a — j sin ^ 


■f S cosh 2a + (^'„ smh2a 

n^sQ 

+ |(n + 2) (n + 3) (n — 2) (n — 3) <l>n-2i} cosu^ 

+ cosh 2a + <)''„ sinh 2a 

+ ^ (n + 2) (tt + 3) i/'„+2 + i (n-^) («-3) V'.-a} sinn;3], (24) 
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= i ^'2 + {<P'i cosh 2a ~ 0 ^ sinh 2a + 0' 1 - 2f/>' ;$ ) ^ ^ 

+ cosh 2a + T/'i sinh 2a + i//'j +2^/'';}) cob/ > 

+ (0'o + 20^2 cosh 2a - 202 sinh 2a - 5 </>'4 ) s int 

+ ( - 2^'2 cosh 2 a + 2i/' 2 sinh 2a + 1- ) cos 

00 

+ 5 [{""i (^— 3 ) 0'n-2 + ’'^0'7i cosh 2a — tu// wiirili ti<i 
« = 3 

+ {| (n - 3 ) _ 2 - cosh 2a + nxl ^ ,, sinh « * 

+ i (n + 3 ) +, 2 } cos J ( 26 ) 


Surface Traciions. 

Suppose that an infinite plate is bounded internally l>y 1 he ellipscf 
a = ai. Let the tractions across the boundary a = aj, t>0 by 


00 


{2«l| 


where 

X 


aa — Ao+^5^ (A^ COS W/5+ sin w^) 

^ 00 

o-fi = Co + 5 (C,„, cos nif3 + sin mB) 

These tractions reduce to forces X, Y and couple L at tjio origin 


pJT 

Jo 




= 3rc (Ai sinh -Dj cosh aj), 

''2k 


Y = 


f 

•/ 0 




and 


= irC (B, 

1 cosh ai 4-Ci sinh aj), 



Vo 


II . 

(^2 + 2 Cq sinh 2aj), 


pn- 

Jo ' 


;?£+„0//, 
9a -^a^. 
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since when a = aj, we have 


== c sinh a, 
Oa ^ 


cos /3, 


dx 


c cosh (I I sin /3. 


If the tractions on the boundary a = aj are in equilibrium, 
must have the relations, 

Aj sinhai— Dj cosh a i = 0 ' 

Bj cosh cLi+Ci sinh == 0 ^ 

B 2 + 2 Co sinh 2a| = 0 . 


we 


(27) 


Since the plate extends to infinity and the stress there is zero, we 
take 


oc 00 

X = 5 COS njd + 5 sin 

M a 1 W « 1 

where 

(jC> ^ 5 C ^ 4" C a, 

+ sinh a, 

(f)2 = h^ + 

and for n ^ 3, 
and 

;//! = d J “• + (V I cosh a, 

T//42 = do+d2 C“’^® + d'2 <3“^"-, 

and for n ^ 3, 


(28) 


(29) 


(30) 


To simplify the problem, we consider the terms in the surface 
tractions (26) separately. 

(i) aas=sA(), a^ = 0, when a — aj*. 

In this case, we omit the V^'s and the odd (t>'B from the expression 
forX‘ Then we have from (24) and (2r)), when 

<'//o8inh2a + B(I }2 = j“Ao(l-i-2 cosh^ 2a), 

— 4^2 cosh 2a -f <^>'2 sinh 2tt + 10^^ « - A^ cosh 2a, 

— 16(5t>4C0sh 2a + 0^4 sinh 2a + 21^o’h^>2 “ 
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and for ^ 3, 

— cosh 2a + 0 ^ 2 ft sioil 2a + ^(2w + 2) (2n + 3) </> 3 n + .> 

+ 4(2n-2) (2n-3) = 0, 

and 

<l >' 0 ■i-2(j>'Q cosh 2a — 2 ( 1)2 sinh 2a - = 0 , 
and for n ^ 2, 

— J(2n--3)0'2M-a + 2 n^' 2 w cosh 2a-~2n sinh 2a 

--|(2n + 3) = 0. 

These equations are all satisfied by 

c ^ c ^ 

0'o = ^Ao sinh 2 a, ^2= ^Aj,, ^'2 = 0 , 

and for « ^ 2. (I> 2 «= 0 , == 0, 

(i being replaced by a| in these expressions. 

Hence 

“ c2 

~ 26 oe“' 2 a^^^ _ *^^0 8mh2a, 

5o + i)2c-“^“+6'2a~2-x= 

4 

-462e~^*~26'2e”“2“ = 0, 

and for n ^ 2, 

+ b2„e-^2'-^2)a + ^-2„„ ^ 

(»-l) bga-S + (n + 1) b^n C-f2'‘ + 2><t e-2«or _ Q 

From the last two equations, we get 

&2W = ?>'2« ==~262n~2 

SO that 62 ,, = 62 5/^^^ ^_262 

where we replace a by 

, . , asn-— >* 00 , therefore 

hg-O and hence 62 n= 0 , 6 ' 2«^0 for ?^ ^ 2 . Substituting 62=0 in 
the first three equations, we get 

0, 60 = ^Aq, cosh 2 aji. 
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(it) aa = A 22 COS 2/3, a/3 = 0, whena—ai. 

Here also we onait the Tp's and the odd 
We have when a = ai, 

fp'Q sinn 2a -h 3«/>2= — cosh 2a, 

~4</)2 cosh 2a + ^'Q sinh 2(1-1- 1004 = cosh- 2a), 

’* 0‘- 

— 1604 cosh 2a + 0^4 sinh 2a +210(5-1-02 = " w-Arj^^Qsh 2a, 

jij 

0.2 

— 360(5 cosh 2a + 0'(. sinh 2a + 360g + 604 = --A^, 

o 

and for n ^ 4, 

cosh 2a + 0 ^ 2 w sinh 2a + ^(2w + 2) (2yi + 3) 02w + 2 

+ i(2n-2) (2n~3) 02^-2 =^» 

and 

0'o '+■20^2 cosh 2a -202 sinh 2a 0^4 = 0, 
and for n ^ 2, 

— ^ (2n — 3) 0^2 » -2 ^"2^^ ¥211 cosh 2a-2’n0»2„ sinh 2a 

— ^ (2n + 3) 0^2 w 1 2 ~ 

These equations are all satisfied by 
0^0 


*h2=‘ 

q2 

- - A 2 cosh 2a, 

0^2 - 

= -^^^Aosinb 2(1, 
6 ® 

f4 = 

48 

^>' 4 = 

= 0, 

and for n ^ B, 

02 « = 0 , 

¥2n 

=0, 


a being replaced by 

Proceeding as in case ( 2 ), we get 

a being replaced by aj* 

Now as h^n t'gn >0, as n-->(X, therefore 

6^»r0 and hence b^n-0, for n^3. 
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Then from the other equations, we easily find 

/>2 rtS 

ho=— Co^-^Ag. 

h'. = - ■ Ao 
^ 48 ® 

a being replaced by aj. 

« 

[ill) aa== A4 cos 4 / 3 , a/^ = (), wheOft — ^j. 

We omit as before the and the odd c/>’b. 

Proceeding exactly as in oases (/) and (n), we !mv 4 wlti^ri 
0 ^ 

1 >i— ^ 4 A 4 . 'P'2 = <1| 

'?'4= - p A4 cosh 2u, f 4 = - ™ A4 Minb 2.i, 

'/M= ^ A4, ^^',, = 0. 

and for w ^ 4 , </> 2 f ^ » = f 1 • 

We can then show as before 

&2n= ‘ 

a being replaced by aj. 

Now as h^n > 0 , 6'2„ c-axoi-^-o ^4.|,en h — .x>. wt 

must have and therefore fegn^O, for « ^ d. 

Substituting bg^O in the other equations, we get 

bo=0, Cg = 0, 1)2= -^-1. A4 e't", b'2= jg A^ 


^4=1^A4C- b^ 
a being replaced by a;^. 


*= A4(3e««-Ae*«). 


{iv] att=A2,„ cos 2m^, ^=0, whena = „,. 

We omit as before the ^’s and the odd fs. 
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Proceeding exactly as in the previous cases, we have when o = ttj, 

A2„. 


P^Q 2 


4 (2'Ui-l) (2m -2) 


> 0^2«-2 


d* ^ A t 

'/'2« 1- 2 = + 1) {2w + 2) ’ ^ ’ 

and for n ^ m H-2 and 2 ^ n ^ ih — 2, 

0 2 w ~ ^ 2 n 

We can show as before 

^ .,C1«~4/«~4)<x /)/. =2 — 2/)v , e(4M-4w~(l)« 

a 2///, 1-2 a , ^ 


Now as — > 0, — >-0 when n — > oo, we 

must have ?^2///t 2 = d, so that h2n=^^K = for n ^ /// +2. 

Substituting 62w/ » 2 = ^^ in the equations with </> whose suffixes lie 
between 2 m —4 and 2 /// 4 4 , we have, 


b, 


'2 m- i 


0 , h. 


'2m-2 


^ ^2'nt rt2wa 


bf': 


' 2 m -2 


Qi9ym-2)a 

4(2m-l) (2m -2) 


hi = p 


'Into. 


h/« ^ == 


■“ 4 ( 2 m + l) ( 2 /a+ 2 ) 
a being replaced by ax- 


Again, substituting ^^2 /h- 4 — equations with (j) whose 
suffixes are ^ 2m — 4 , and solving, we get 

ho = 0, = and b^n-^h b^2n-0 for n^w-2. 

{v) acx t= A 1 COS /i; a/i = D j ain /?, when a = a ^ , 

Here we omit the ip’s and the even f/s. 

Since the tractions on a = aj , form a system in equilibrium, we have 
Ax sinh ax — D;x cosh 0, 


5 
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SO that we caa write Aj = k^conh = ft|Sinh i - 

Hence we have* when a = aj* 

— cosh + sink 2a + ^i +6r/>3 

= ^fejCOSh a (1 + 2 cosh®2a-2 cosh 2a), 

— 9<^3 cosh 2a + 0'3 sinh 2a + 15</>5 = —kico&hcx, ( 

4 

— 25^5 cosh^ 2 a+ 0 ' 5 sinh 2 a + 28(/)7 + 3^3 = ~ 

8 

and for ^ 3, 

— (2?1 + 1)202.;, + | cosh 2a-{-«//2« + i ®^Hh 2a+ I ( 2 m -f- H) “♦* ‘ 

+ 4" (2n - 1 ) i2iti — *i|#f ^ . I Ci 

and 

cosh 2a — sinh 2a + 0'i -20' 3 
= — fei sinh a(l + 2 cosh^ 2a + 2 cosh 2a), 

30'3 cosh 2a-803 sinh 2a-30'5=^- fcisinh a ( — 2 C!»ot*li 2*1 - )l 

—0'3 +5 0'QCosh 2 a — 5058inh 2 a — 40 '^ = /^i sinbi c* ^ 

8 

and for n ^3, 

— ^ (2nr-2)^/2«-i + (2n + l)^'2„^., oosh2a-(2w+ 

— ^(2n + 4) <*• <1. 

Those equations are all salisfied by 

ficoak a -01 sinh a = ~ fcisinh 4a, 

^3 = —felCOSba, 0'3= -^fcjSinh 

and^for n^ 2 , 0 ' 2 «i-i =^ 0 , a being every wit. ,■■ r.-, ‘a 

Proceeding as in the previous cases, we have 
l>2«+i= bae'*”-*)*, *'*„+, = 
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Now as 6'2„ ‘ 0, when 

n — >;csc, we must have 0 ^ — 0 , so that 

b2Hn=<^- b'-2«+i=0 iovn^2. 

The other equations then give 

6 = h'i= 

^16 lb 

(>'3= (c*^-2c'^^). 

where we replace a by ax- 

(vi) aa = A3 cosB^, a/ 3 == 0 , when a=ax. 

We omit the and the even (p's. 

Proceeding exactly as in case (v), we have, when tt = a^ , 

(j2 

0'j cosh a-(pi sinh a = — — A3 sinh o., 

/' 2 0^ ■ 

ipg = - -J- A3 cosh 2a, </>'s = -™A3smh2(i, 

and for w ^ 3 , 02» + i~*^^> '^'2» + i=‘ 0 - 

As before, we find 

l-. — gA,,.-, - f-V. 

h3 = 1^^363“, b>3 = •™A3(oS‘‘-2 C^, 

l>.=0, 6., = - igA,c.-, 

andfor ^ B, l!>2/i+i=^» + 

a being replaced by aj. 

(ail) aa=== cos (2iii + l) j6, a/3=2 0, when a=3«ai. 

We omit the T//’a and the eTcn 
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We have 

0'lCOslla — f/jjsinh a = 0, 
(pom-l = -- 1 , 

Sm (2m — 1) ' 


f/j'gm-l =0, 


«S3 A 

2ft, 

4m(2?u + 2) 

p2 A 

0 ' 2 «h i - - - — 1 siph 2 ft, 

4m(2m + 2) 

c^A 

iproT^^^mTS)’ ^'2"‘+3 = 0 . 

and 02 >i + i~O, (j>^ 2 nn —0 for M^ m + 2 and w ^ ))( 
a being replaced by a, . 

Solving these equations, we have 

e(2m+lU 

^ ^ 16m 

6 ' 2 ,_, = (2m+i)j5L_A„ , 6 < 2 >«-n» 

^ 16m(2m-l) « 

6o„,. , = 1 g(2m+l)«i 

16 (m + i) ® 

^ 2 A 

~i 6 m 0 n+l) + 

^2«i+3~t^> ^^2m+3— , — AlLiJ’LE g(2m+;i 

8(2m.H-2)(2m + 3) 

^^ 2 n + i~ 0 , for fi ^ 171 -jr 2 and n * 


and ^271 + 1 —V, y 2n 

ft being replaced by a ^ , 

=0, a/3=D2 sin 2/3, when ft=aj. 
and the odd 6*s. 


{vid) aft= 0 , ft/ 3 =D 2 sin 2/3, v 
We omit the and the odd <t>*s. 
W e ha^e, when a = a, ^ , 

o 


<P’o = ^ 

12 


«2 

Da, 

C ^ *2 

D2 8mh2a, 0'2 = Da cosh 2a, 


04 = 0, 0'4=-gD, 


*2> 


and 02»®=6, for n ^3. 
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Solving these equations, as before, we find 






^4= 0, hU = Do 

4 4 24 ^ ^ 

and for n ^ 8, b, 2 n = 0j =0, a being replaced by aj. 
{ix) aa = 0, a/3 = D^.^, sin 2m^, when a = a ^ . 

We omit the rp’s and the odd (p's. 

We have then, for a=tti, 


(p^Q 0 , <p'2)n-2 




4(2m — 1) ’ 


<P-2» 


c^D 


2 m 


4m (4?n^ — 1) 


sinh 2a, 


?nc^D 


4 ^Zl ^»2.*f2 = 0, V/2mf-2= ■ 


c^D, 


2w 


4(2i« + 1) 

and 02«=O, '■//2„ = 0 for w ^ in.-|-2 and m-2. 

» 

Solving these equations as before, we find 


6 0 — 0, Cq — 0, 2m~2 " 


c^D« 


8(2m — 1) 


2 m g2 m<t 


6' 


2w*-2 ' 


^^'21)1'^ ^ 


C^D ^( 27 «~ 2 )a 


8(2m-l) 
o^D 


^2wi“^ 


c^Do, 


B(2m + 1) 

[(2m^l) (m + l) 


8m (4m ^ — 1) 
(2m + l) (m — 


^2m+2’ 


=0, 6' 


2^«+2 ‘ 


c^D, 




8 ( 2 to + 1 ) 


r,(aJ«+2)<» 


and & 2 ®= for n ^ m 4- 2 and n 

a being replaced by a^ . 

(.r) aa = 0, = D 3 sin 8^, when a =S a ^ » 

We omit the i/^’s and the even (p*s. 


m — 2, 
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We have then, as before, 

<//l cosh a — </>j sinh a = — — D3 cosh a , 

8 

G ® 

(pQ— ^ D3 sinh 2a, ^'3 = — ^ Dycosh 2a, 
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16 


1*5 3, <p' Q D 3 , 

and for n^ 3 , 02»a4-i=O, a being replaced by a j . 

These equations give 


= V7rl>3 = Lb, 


16 


16 


3 ^ ’ 


^3 = ~ ^' 3 = -|gl>3(5 e 2 “- 2 c- 2 “) (33», 

&5=0. 6/3 = gD3e5«, 

and for n ^ 3, ^2^,41= 0, b^2n+i=0, a being replaced by a|, 

» 

(ajz) aa=0, sin(2wt + l)^, when a==aj. 

We onait the xj/^s and the even 
We have then for a=ax, 

cosh a-^fi sinh a = 0, 

= 0, 0'2„_i=_£!^^S±J , 

8m 


c2D. 


rhf — (2^ “i* ^ 

■ ^2a. 

♦....= 0 , 

and '?'2»+i = 0. ^^>'2n + l = 0 for » ^ m + 2 and 1 ^ ^ ni-2. 


PLANE STRAIN IN AN INFINITE PLATE WITH AN ELLIPTIC HOLE 39 


These equations give 


c^D 


b.2m-i= -4^- e(2».+ i)« 6/ = _£!5 m±.i 

1 KiiJ -1 


16 m 


16 'm 


h 


2m-r-]. 


* 2 WT-T 

16 (ih + 1) ' 


h> 


2m + I • 




2 m + 1 


16m {2-m + 1) (2'0/ +2) 

~ {2 m 


\2m{2'm +3) 
1 ) ( 2 m + 2 ) 




m i- 3 


0, 


3 — 


. H±..L. /,( 2 /«-^- 3 )a 

16 (>i^+i) 


and 1 = for n ^ m +2 and 0 ^ n ^m - 2 , 

(JL being replaced by uj. 


(pdi) (xa =82 sin 2/:?, ap = Cq , when a = a ^ . 
Here we omit the (fn and fche odd \p*s. 


Sinct- the tractions on a = ai, form a system in equilibrium, we have 

82 H~ 2C()ainh 2a | = 0. 


We have then, for a = a|, 

^2 cosh 2a, t/^'2= B2 sinh 2o, 

V' 4 =^B 2 - V '4 = <^. 

and for u ^ 3 ^ 

Solving these equations as before, we find 

d'^I= -StCoO^- , 

and for w ^ 3 , 
a being replaced by a^. 

•».i >™». 

(xiit) a(x = sin 4 / 8 , a/8 - 0, when a = aj. 

We omit the fs and the odd 
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We have then, for a = aj, 


24 ^^ 2 ~ 0 > 


^4 — cosh 2 «. S ^4 sinh 2a, 


120 = 


and for a ^ 4 , ^,„ =o. 

Solving these equations as before, we find 

''==- 38 ,.-, 


'/4== r27^4(i^^'^'‘-f)e---*“) c^“. 


d«=0, (?',.= -£f.B. ('6“ 
60 ^ ' 


and for a ^ 4, d,„= 0 , d^5j„=0, 

« being replaced by a,. 

^ aa = B 2„, sin 2m^. 7^=0, when a = a , . 

We omit the ^.'s and the odd 

We have then, for a=ai, 

4 o„,- 9~ 


- / / A 

4 {2m ~ 1 ) {2m - 2 )' ^ 


IT 2a, = _ 20 ^-T) ^ 


^ 2 »^B = ^ 2 m ,, 

4 ( 2 m + 1 ) ( 2 to + 2 )’ ^ 2"»+2 = 0 , 


and ^^2,, _ 0 , - 0 , for w^jn+2 and wgm-2 

Solving these equations, we find 


•> ~ J^ 2 w « 2 wa 7 / m C^' 

4 (27//- 1) (2m -2) ■ 


8 (2w. 4" 1) 


^.)2wa 


^'.2 jgj 

8 (4 /w 2-T) ^ e"2_(2m + l) e-2«] g2»a^ 


~ ^'1)' " d's 


3 


f me Drt 

2 2 /) (2i'» + 2) «, 

4(2m + l)(2;5^:-j:^) " 


F 


# 
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and d2« 5= 0, = 0 for ^ m -i-2 and n ^ m-f 2, 

a being replaced by ct|. 

{xv) aa = Bj sin / 3 , COS jS, when a— p-i. 

We omit the 0*8 and the even 

Since the tractions on a=ai, form a system in equilibrium, we have 
Bi cosh +O1 sinh aj==0, 
so that B| = — fegsinhaj, = fc'gcosh ai. 

We have then, for a'=ai, 

O 

cosh a - sinh c<. = —Un sinh 4 a, 

O 

’/'s ~ sinh a, ^^3 = ^ ftg cosh a, 

and for n ^ 2, = 0, = 0. 

Solving these equations, we get 

J^(e4a_2e-2«), 


ds = 0 , dU 




and fgr ^ ^ 2, = 0, a being replaced by 

(xvi) a<^ = B3 sin 3 /i, a/S = O, when a = a^. 

We omit the (//s and the even 

We have then, for a—aj , 

sinha-rpi (Josh a = - Bg cosh a, 

O 

^3 jg ®3 2 a, ,^'3 = — £l Bj sinh 2 a, 


:= I 5 Bg, = 0 , 

and for n ^ 8 , = 0 , *= 0 . 

Solving these equations, we get 

^ 0® ti j/ 8c^ T-. 


; Bg 63 “, d'l 


Bg e“. 


^3= g^BgCS^, ..d/3= gBg (66“-26“), 


dg = 0 , d's- - Bg 63 “, 


and for d^ 2 «+x ”0, a being replaced by, a;i^. 
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[xvii) aa=B 2 w+i sin (2m + l)/3, a/3=0, when a=a, 

We omit the and the even 

We have then, for a=ai, 

sinh cosh a = 0 






8m (2?n — 1) ’ 
c2 B 


~0, , 


Ssil- cosh 2a, 


8to (to + 1) 

c2 B 


8m (m + 


sinh 2a, 


'/'2 


1 ) 


“ 4 (2m + 2) -(2m + 3) ’ 

V' 2 n+j =0, ^' 2 n + i =0 f or ^ m -h 2 and 1 


-0, 


and 


Solving these equations, we have 
e2 B 


^2?n— 1 **" ' 


2tn+ 1 p(2m+l>a 

16 m ^ 


.7/ _ (2tn + l) B2m+1 .(2m-T)a 

u 2m— 1 — r;: ^ 


16 m (2m — 1) 

c8 B. 


^2m+ 1 ’ 


16 (m + 1) 


2m4» 1 g (2m+l)a 


d' 


c2 B 


2m+ 1 




16w (m + 1) 


fm — (m + 1) 




and dS 2 »»+t= 0 » <J'2n4-i=0 for w^m + 2 and n^m-2, 
a being replaced by aj, 

(cD'um) aa = 0, = C 2 COS 2/S, when a = a J . 

We omit the ^’s and the odd 

We have then, for a=a|, 


^2 = 2 0.2 cosh 2.a, 


^4 = 0. 1^'4 


12 


a 


'2> 


and for ^ ^ ^ = 0^ 
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Solving these equations, we find 






d^ = 0, d'4 = 

and for n ^ 3 , d^n = 0 , = 0, 

(xix) aa=0, a /5 = C4 cos 4 j 5 , when a: 

We omit the and the odd 
We have then, for a = ai, 

^2 = 0 , ^^2 = 


i'4 


jL. 

120 


C4 sinh 2 a, 3= 


and. for w ^ 4 , xp^a = 0, = 0. 

Solving these equations, we find 

<*0 = 0. d,= -|!c,o- 


<*A = 2oO,o<‘% 




<*6 = 0. d'6= -^Cao'S". 

and for w ^ 4 , d^n = 0 , d'z„ = 0 , 


a being replaced by a,. 

“a 


O4 cosh 2a, 


a being replaced by ai. 


{xx) aa = 0, aj8s=C27n 00s 2 m/ 3 , whina5»a|. 
We omit the ^*s and th# odd \lf% 
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3 have then, for 

a™ a j 

» 



^2m«S 

0, 

i'im- 

2 - 

i « 

' * '2' 
4 (2m - 

II 

I) * 

hm ~ - 

4fN 

p. 

^ *2m 

(4ma™l) 

sinh 2»i, 


^'2m — • 

m 

4'ni ^ 1 


noali 2it,, 


2 

0, 






1 

u 

^2n = 0, 

i^'in 

(] 

for 

» ^ »» t 

2 and 


Solving these equations, we find 

dQ=(), 

8(2m-i) 

dU.,y.n- 

Mlr-Z » 


^’*'2w ■ 


8(2m--l) 

.»2 ri 

. p2mtt 

8(2mTi) ’ 

c2( 


/» 3» r ' 

[(^m-o (,„ i d „2« 

“* {2i« -f 1| (ill — 1) I f i< 

^2?n+2 = 0, ^ ® “** — 

S {2ni + 1) * 

and^ dgn - 0, =» 0 forn ^ ni f«2 uml I < » < m -f i, 

a being replaced by a^ 

(xxi) aa = 0, a/3 = oos 8/3, whin <* = « J . 

We onait the ^’s and the even ^"g. 

We have then, for a *«,, 

^x'cosh a~fi sinh a » -. ^ Cj, Biah «, 


c® 

ra ~ “ jg Cg sinh 2a, 

-^5 = 0, 


Is^ 0O»h2«, 


and for n ^ 3, « q. 


w+l 


0. 
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Solving tliese equations, we find 




16 


^ 3 = d/ 3 = ^C 3 ( 5 e 5 "- 2 e"), 

^ 32 ^96 


^ 5 = 0 , 

and for n ^ 3, ^ 2 ^ + 1 = 0, d'a^+i = 0, a being replaced by a^. 

(xxii) aa=0, OL^^O^m+l COS (2m + l)/5, when a = aj. 

We omit the and the even 

We have then, when a = a^, 
i/'i cosh a — sinh a = 0, 


C^C 2 m + 1 


8m 


r 2 m+ 1 — ' 


C 2 C 


2 w±l 


4m (2m -fl) (2m + 2) 


sinh 2tt, 


(2m + l)c^C2fn+l conli^n: 


^2w+8"~^> V'^2m+3‘ 


C^C 2 ffl-H 


8(mH-l) 

and V' 2 n+i= 0 i ’/'' 2 nn = 0 for n ^ m + 2 and 1 ^ ^ m— 2. 

Solving these equations, we find 


d, 


2m-l" 




16m 

c^C, 


(2w+l)a 


-^ 2 ffl+ 


16m 


1 g( 2 m~l)a^ 


C^ 027 n+ 1 . «( 2 m+l)tt 

®am+l —rr" 6 , 


d' 


16(m + 1) 


16m(2m + l)(2m + 2) 

X [2m(2m + S)e2‘‘-(2m-l)(2m + 2)6-2“] 6 ( 2 m+i)« 

_ A 

2«t+3“ 


Vf. fi d'n -( 2 »n+ 8 )a 

'«' 9 .im+ 3 =v, i ® f 


16(m+l) 



Si 
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and dau+i— 0, — ior ^ wh- 2 andn^ 2, aboiugre- 

pUoed by ai» 

Oombining the elementary solutions, we get the stross 

function for any distribution of tractions on the boundary 
subject to tho condition that the surface tmotiona form a system of forces 
in. equilibrium. Thus, with the surface tractions (26) on a^ai, the 
stross function x 3S given by (28), (29) and (80), where 

&o“|^[2Ao-(A3-D2)c 2»]. 
one! for n ^ 1,. 


Oq bs - -[ 2 A 0 ooah 2 a“A 3 ] ; 


6', 


16 




Aa + I^ [(A2-2D.j)o-*“ + (2A,-D,)o>^«]. 


and lor n fe3. 


b'n=- [{(r^"2)A„.a-nD„_2}o' 


+ 




8n{» -h 1) 

+ {(fi.+2) A„+a— ti’D«+3}o’'“] j 

do»^[20o~{B8 + Oa)c8«], 


and for w ^ li 

[fta(a4«_2e-«<‘) + {8B3+08)o“3, 

[Ba + 20oa«‘] 

, +-^ I(B8 + 202)b »« + (2B4 + 
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and for » ^ 8, 

+ {ilB. + (n-2)0,)»‘"-'“*] 

+ §^ K»B. + (» + 2)0.}.-.^>. 

+ {(ti' 'H 2)B|)4.2 'J' 
a being replaced by 
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LlNtSS OF Sl'RICTION ON THE QOADRIO AND ON 
SOME OTHER SOBOLLS. 

BY 

0* N. SUINIVASIBNGAIU 

1. Tho lino of striction of ono system of generators of a general 
quadric is a rational quarlio curve of type (1,3). This result, which 
is well-known, was first proved by a purely geomcivwal method by 
Mr. K, K, Mitra, * In this section will be given a somewhat 
shortened proof by using the theory of correspondence. In §2 will be 
discusBod by purely geomotrioal methods, several oases wherein the 
line of striotiou dogonoratos. In §8 a new geometrical proof is given 
which is applicable to many scrolls. A /ow special scrolls are 
considered in §4, 

We start with the same goomotrioal principles as Mitra uses, Let 
be the point at infinity on a given A-generator Q of the quadric Q, 
and let B bo the point at Infinity on the common perpendicular to G 
and its oonsecuUvG generator. We observe that Els the reciprocal 
of the tangent at P to the conic q at infinity with respect to O, the 
circle at infinity. In other words, P and B are corveaponding points on 
the oonio q mid Ha reciprocal qf iviih rospeci to Cl. This idea is the 
same as that underlying Mr. Mltra^s method, but the present method 
of expression is more convenient here. 

Now if PB meets the quadric again in T, the /A-generator through 
T meets the generator Q at the central point of the latter.^ To shbw 
that the line of striobion Is a quartio curve, it must bo shown that any 
/A-generator contains three central points of the \*8yfiteni, This is 
equivalent to finding the number of points B on such that the line 

^ Bull. Oal. hlubh. 8oo,, XXI Y, 167*J92, More reccwtly, Mr. B Biimamurti 
who proBonted bis paper to the ninth oonforenoo of the Indian Matliomatical Society 
«in 1035 has proved the baui^ result by the mothod of apolarity, 

2 Vide Mitra, loo, oii, 

7 


60 


0. N. SHINIVASIBKGAU 


joining K to ita GOrresponding point on q pansoa through a given 
point T on {j. If 'i’ wore a general point any where, this number would 
mean the class of fcho curve formed as the envelope of the lines 
joining coiresponcling points of the conic q nud its reciprocal q\ By a 
w^ell-hnown theorem ^ in the -theory of coiTQBpondonce, this class is 
equal to the sum of the orders o( the two eurvos minus tho number of 
united points, if any, Ilenco, in tho general case, tho olass is 4. But 
when T lies oh g, one of tho four positihuB for thh point P is T itself. 
If Pj, Pg, Pa the. other points, ' then - tho central points of the 
^.-generators through P 2 » hhe /J^-genorator through T. 

The proof of the theorem is now comploto, 

2. Special caaca : 

! . j (aj ^tiadrio of Iic:vnhUion : The ncGessary and sufficient oondi- 
tiop that the quadric is one of rovolutiou is that the conic q has double 
contact with fl, Lot LM bo tho chord of contact and N its pile, 
The following lernm a can bo established by a straight *foi ward proof, 
ani will be obvious by projection : 

ii' If a oonio S has double oouiaci tuiih anothorconUyK, the lines 
•joining oorvoapondin'g points of S and ita rccqjTocal wiiJi respeoi to K 
are concurrent at tho pole of the common cho7*d, 

PIep,cp, continuing tho notation of § 1, taking any point T on g, 
let P and E be corrosponding points on tho conic q and Then the 
central point C on the /Vgeucrator through. P is at its intersection 
yvith the /A-geuerator through 1\ Since tho line PTE passes through 
N by the lemma, and OPT is the (angemt plane at .C, it follows that 
QK is a tangent to- the quadric at C. Plence C lies on the polui 
.plants, of N, The locus of 0 is thoreforo the section of the quadric 
by the polar plane of N. Now tho polar plane of N evidently passes 
through Ij and M, siaoo NL and NM are tangents to the quadric. 
; Hence the section is a circle, the central circular section. 

The line of airiction of eiihar sjjBtem of generators of a qxuuhioo^ 
revoluiion h a circle ^ viz, ^ iho ccniral circular aecHonr 

{h) The gonoral paraholoidi Mi\ Mitra'a discussion is incom 
plete, The conic g now consists of two generators <j^ and , say 

which meet at X, Let Ej and E^ be tho poles of g^. and g^ witl 

r E, P, Baker, Pxinciplcfl of Qcometiy, YI; 16 , 
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respocii to Then the polar plane of E2 will contain the central 
points of all the A-genorators, and the polar plane of will contain 
the central points of all the /^-generators. It is easy to verify that 
the polar plane of any point at infinity, f.o., the fliaihetrnl plane of any 
line, passes through the point X (X being the ‘^centre'* of the para- 
boloid, this simply menna that the diametral piano passes through 
the centre). Now the section of the paraboloid by any plane through 
X not containing or is a pg^rabola. 

llenoo the lino of strioUon of either auHiem of gonenUoraof a 
general paraboloid is a parabola, 

(0) There is a special case of (b) to bo noted. Tn the general case, 
Ej and Eg will nob lie on the quadric, But now suppose that Eg lies 
on g^ , a»cl E.| lies on . One of ihoao conditions ovideatly implies 

the other. Since R| and Eo aro conjugate points with respect to fi, 
this means that tho generators g^ and g^^ uro now perpendicular, or 
what is tho same thing, any plane through g^^ and any plane through 
jf are perpendicular. 

Since El is conjugate to every point on g , tho />i-genemtoi: 
through E| ia porpondioular to all the A-generators. Similarly, tho 
A-gonerator through Ea is perpendicular to (ill tho /jt-generatora. 

When iho section of a paraboloid by the piano at infinity oonsists 
of two porpendicular lines y the lino of strioUon of aiiher syetom of 
(jenoraiors is a partictilur genoraior of the opposHo aysiem. In parli^ 
culai\ tho gvnevutors constiiuiing the lines of strioUon of the tm 
systems avo at right angles. 

Convorsely, wc shall prove that if the lino of siriction of ono system 
of (iGneralors of a quadrio be a (/cnom/or, uot al/of/o/lear 
belonging to the other dys/a»i, iho qnadrio is a paraboloid whoso BCctioyi> 
at infinity consists of porpendioulav lines. 

Let any A-gonerator G meet tho piano at infinity in P, and let 
the line of ^strictiou of the A-gonorators bo a /a-gon orator meoting the 
plane at infinity in 1 \ Let the common perpendicular between G 
and it'^ consecutive genorator meet the piano at infiuity in R. Then 
WG Have soon that PB passes through T and that P and E are corres- 
ponding points oh a conic and its reciprocal with respect to 'U. ’ ^inco 
tho /i-genorator through T contains the central points of all the 
A-gonorators, this means that whatovor point P may be on tho conic 
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al iaOnity, the lino PE pasaea through tt fixed point T. Tbo olftaa of 
the onvolopo of the linos joining corroaponding points of a oiirvo nnd 
its reciprocal is flnito it tho order of the curve ia greater than unity. 
The only way of the clnaa becoming infinite is whon ll ooincidoa with 
T, 1 . 0 ,, when P moves on n atrnight lino, tho polar reoiproonl of 
T with respeot to fl, Tho reault now follows. 

Tho bearing of this result with ft woll-kncwn property of ruled 
surfaces may bo mentioned. If a oune on a scroll is a geodemio as well 
08 the lino of striotion, it outs the generators ot a oonstnnt unglo. The 
resnlt hero is that ttiia oonsiont angle is ft right angle if tho scroll he 
ft quadric and the geodesic a straight lino, Tho nature of tho quudrio 
hoconaea specialised aa described. 

The above reault haa another intoroating bearing with what ia 
known oa tlie Peterson-Morloy Theorem. Tho theorem ia tho 
following : ' 


0 , b, v, are throe skew Imoa. o', b', o', ore the common porpendi- 
oulara of (t, c). (o, o), («, 6). }>,<!,>' are the corpmon porpendioulnra 

of (a, o'), (t, 6'), (o, o'), Thon p, q, i‘ can bo out at right angloa by ft 
lino 0 . 

We cap now state that p, q, r Ho on a pumboloid whoso soclion al 
infmily oonakia of porpondienhr linoa. 


Per if 1*, Q, R, E bo tho points at infinity on p, q, r, c, thon 13 is 
oonjugftte to P, Q, E with respect to ft. Honoo P, Q, E lio on ft 
lino forming a generator at inflnify to tho quadrlo dotormlnod by 
p, q, r while B lies on tho other generator at infinity. Tbo result 
follows, 

Wo vstO#, j(i 

Thoofcm it, the vofsi^pi 

'Jlho pambpiaid qf ■% 
slsta of a pair of tangents q 

apd (vrh'tJj!^. points q.f OQUtwt of those tangents. Henoo tho 

Itho' bt striotion of the A-gr nerators is tho /x-genorator througli Ej, 
i.e,, jj itaolt. 

I* 

The linoa of airiotioii of the two ayatoma of generator of a pimt- 
boloid of reufolulion are tho generatora at infinity , Theso nro of course 


wd teft, Tho polos R, and Ejj ot 


1 Vide Pi«j. Oanib. Pliil Soo., 3Q, XOi sad m (lOfld). AIho Jourosl Loud. Mutli., 
Socm 


LINES OF STIUOTION ON THE (^UADIUC 68 

imoginary. There is no difficulty in seeing that this result con be 
considered as included in case (a), 

Moat of these cases have been previously worked out analytically.^ 

I believe that a purely geometrical discussion has not been done 
before. For case (o), the equation of the quadric can be reduced to 
the form — Sommerville is however incorrect when he 

writes that the lines of striotion are given by 2 /^ — 0 ; s-O and 
hyx^-y^ — Oi to— 0 where ta—0 is the plane at infinity. Only the 
latter liuc-s give the lines of striction, otherwise it would mean that 
the A^gonerators, say, have for their lines of striotion two /i-generators, 
in other words, there would be two central points on each generator, 
which is impossible. 

8 . In this section, I shal} explain a different method of proof 
for the general case, which is very much shorter than Mr, Mltra^s 
proof or its modification that I have given in § 1 . 

The lino of striotion is evidently a rational curve whenever the 
equatiens of the generators can be expressed rationally in terms of a 
parameter, 

Now, it P and Q arc the points at infinity on two skew lines, 
neither of which is wholly at infinity, and if R is the pole of PQ with 
respect lo fi (the circle at infinity), the transversal through R to the 
two lines is their common perpendicular. Hence the necessary and 
Buffloient condition that the common perpendicular should meet one 
of the lines (and hence both) at infinity is that I*QR is a line, /.c., PQ 
touches the circle at infinity. 

To prove that the line of striotion of a general quadric is a quarbic 
curve, we have to show that there are four points at infinity on the 
curve, La,, that there are four generators of the system oonBidered 
such that the common perpendicular between any one of them and its 
oppsoeutiYo generator is altogether at infinity. Now, there are four 
oomnjpn tangents between ft and q, where q is the seolion at infinity 
of the general quadric. If P be the point of contact with q of one of 
these tangents, then the generator at P will have its central point at 
V. The fine of striobion is therefore a quartio curve which meets the 
plane at infinity at the points where 3 touches the common tangents 
between q and ft. These points ore evidently all imaginary, oven 
if 3 be real. 

^ Sottnnervillei Analytical Geometry of Three Dlmontions, 80 $. 
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I(j alsorollowfl lihal tho VmoB of Btmlion of Ihn hoo BjfHhmH of tjr>nc* 
vatovB have iho aamo poinU at infiniljh 

Applying thiB molihod to tho (|iuulric ot revolution, wo mo at onoo 
that tlio lino at atriotion ia a olrolo, Binoo Llioro nro now oj\ly two 
common tnngonts hotwoon O and q, anfl tho poiutn f>t (jonturt avo on 
1). Tho mothod ot § 2 however givcB mom intnrmnlion. 

Tho oasGof tlie paraboloid oannot bo iroatod by thiB rnothod. 


4, Tho molliod oC §8 appoavfl to bo npplioaldo for any Horoll 
which doos not proBont pooUliaritieB at inlkuiy. Tho cIubb ot tho hcu- 
tinn at infinity could bo obtninod by the rtid o£ Plhcher’B oquationB» 
and honoG the nurnber of common tangontn botwoon tho Hoction and 
Q could be found, Oaro, however, nriiay l>o neenHBary when the 
multiplo points^ on tho section at infinity arc Buoh that one or more 


ot the taugent^ there to tho Bootion also happen t;o touch fi. An 
, alternative method, Bijioh as tl|at cloaoribod for the quadricp or an ana- 
lybioal method, though longer, vvill Borvo a usofnl purpose sb n check 
op, the value given by the general gGomotrloal method. Wo ehall now 
oonsidor one Buoh method for a few special BorollB. 

onhio Boroll of Iho first typo/^ This surface baa two directrix 


on 


lines, one of which is tho double lino. Lot ua consider a point 0 
the dquble line, and not lying on tho lino ot striotion. Two gouorators 
^^^,ahd 6‘B pass thmugh this point, and their plane contains the 
simple directrix. ^ Now a generator tn its gonoral position can intcracet 
the line of striotion in one point only, niJif,, db bheconiral point of the 
generator; for, il it epntainod tho central point of any other gonorator, 
the two generators meet tWro, and therefore tho point would He on 


bm moa poi’peucliou I ar '’bolwllW tb’b go&i'albl '■ 

BGou tiy e generator. , As f n § 1 , ]? and B are C6n j u g a t o po i nts wi tli 
I'bipect to O, oM are p'bifata on fchb ^abofcibii of tho Biirull 

^ X‘i\: s ...... 


^ point r when tho oriloi* of tho ocroll h grdabr 

than tWd, oinca shch a soroU always posaosBOB a douhlo or mnUipTo oijrvo. 

j AiVdlyllctil iicbiiieltry' of' Three BimonBioria,' §520; ' 

^ ‘ ^ Beferahcb may alao bo to tho following paperB by tlio proBenb writer, In 
which Borao proper bioa of thiB aoroU aro disBousBOil ; 

Joiirn. Indian Math. Boo., XIX,?/'/. 

. . I (Kow Berios), Q61, 
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by the piano afc infinity, and itflTooiprooal With' reap oob Lob T bo^ 

the point ab infinity on the simple directrix. The tangent plane at 0 
contains OT, CP and OR, Hence PR passes tbrbugh T, fi'he number of 
points G is thus equal tb' the number ' of- points P that wo can find at 
infinity such that PB pasaos' through T,- for, given bnesuch pointP,^ 
the corresponding ?C is the point of '‘intersection of the generator 
through P with the simple' directrix.' One position'd' 3? However is' ati 
T itself, sinco'T'lios onllib section of the scroll ‘ at infinity, and wc 
have to. exclude' this point because the condition 'that T lies on thb 
lino of striction is that the' tangont at' T tb^the section also touches H,’ 
which condition may not bo satisfiod, Hence, the number r is one 
less than tbo class of ''the, enyelope iof. the lilies' joining corresponding 
points on the section at infinity and its reciprocal. The section at 
infinity being a nodal cubic in general,' its reCjprooahis nf order s. 
Therefore : r?= B ^l* 4 -1}=^ 0. The order of the line of striction is ihtre- 
fore eight* The ourvo’ is iTational) since.: the generntom can ho ' ex- 
pressed rationally in terms of. a parameter* Hence, tho line of s/no- 
iion of iho general aubiG > sgtoU of the firBi iypo is a raiional- otirvc of 
order eight, 

The general method of §8 gives the same result. The nodal cubic 
at infinity is of class 4, and houco has eight tangents in common with 
0. Tho points of ooutaot of those tangents are iho points at infinity 
on the lino of striction; , 

It may however happen that tho section at infinity is a cuspidal 
cubic. This is tho oase when one of the two unodes of the surface is 
at infinity. The value of r is now 8-^8- 1^=6, so that the line of 
stnetion is noto a ouroo of ardor seven. To see how this result follows 
by the other method, wo havo six common tangents between O and tho 
cuspidal cubic. But in addition to the points of contact of these 
tangents with the cubic, iho unodo at infinity also lies on tho lino of 
striction because the two generators of tho soroll through a unodo 
coincide, so that tho unod(3S can bo regarded as the contrai poiiils on 
tho torsal generators. Tho seven points of intersection . of the line of 
striction with tho plane at infinity aro thus accounted for. 

Those results will not hold in special oasos when the cubic 
section at infinity is degonoiuto or when it has special contact rola- 
tioua with O. 

The Qnariic Scroll {Type U B of Edge; Type VII of Salmon'^), 
This surfuoG is formed by the chords of a twisted cubic which belong 

1 Stthnon, loo, ciL, Art 610 j WlX. Ed^e, Theory of Rulod Siirfacos, Art, 00. 
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to ft spooial linear oomplox, i.e., ohorcis meeting a fixed direotrix 
line. 

I£ A is any point on the oubio and AB, AO the generators through 
A, then BO is another gonorator. Aa in the previous ease, the lino oi 
striolion onn moot oaoh of the aides of the triangle ABO in pno point 
only. SinoQ tho sootion at infinity is a trinodal quartio whose rooi- 
prooal is a aoxtio, the number of points in which the line of strictiou 
moots tho dir'ootrix =»4 + 0 — 1 : 39 , using tho some argument as for tho 
oubio Boroll of tho first type. The order of the lino of siriolion for tlm 
typo of tnoU 18, in ita general oaao, therefore equal to twelve. Tho 
samoroBuit is obtained by the other method. 

Tho Qitarlio SoroU (Typj IV A of Edge’, Typo II of Salmon'). 
The surfaoo has one triple lino and one simple directrix. Througl; any 
point of tho triple lino there pass three generators lying in a plane 
thiough tho othor dirootrix. Tho section at infinity is a quartio with 
a triple p lint. As long as tho tangents at this point to the sootion are 
distinot, tho olasB of the section is 0 , and the arguments and results 
for the previous type of aoroll oontinuo to hold good. 

Okrtsatj Cot, Mian, I 
BANaALOUU, I 

Bull. Oal. Math. Soo., Vol. XXVHI, No. 1 ( 1986 ). 



Joe, eiLt Art, 63; Salmon, joo, cit,^ Art, 6*17. 
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Simultane Identitaten 

Bv 

, Alfrep MoessNbr 

n 

Vorhemerlcung ; Das Symbol == bedeutot die Gleichhoit dep Potenz- 
flummen gleicher Poteazon in n verBohiedenen Bxpononten 

n 

a, ?j, 0, d = G , /, h (n - 1, 2, 8) 
bedeulei) das system 

a 4” b + 0 H* d ^ 0 f g 

L Dio simultanQ IdentitiH 

Aj, A2» A3 = Bj, B2, B31 Bg (h = 1, 2, 8, , 6). 

loh babo diose IdeiitiUll} goldsfc in meiner Arbeit *'0n the Equation 

AJ-f Ag+ « + .and Alliod Forms'^ in ''The Mathe^ 

matics Student’*, Vol, II, 1984, Hier soli oino andere, bisher unbe* 
kannte oinfaohe Lbsungsart gozeigt werden. 

Bestobb die Rolation 

Eji Fa P* ^ Gi, Gg, G, fam-l, 

wobiea: ungorado und = a!^-l ist, dann gilt, wenn man 

« = ^(Fi + F3 + +F,) 

aetsl), ouch dio Idoatit&ti 

Fi.lTa, ... . F,. 8 “Gi, a-Gg a-G, 

6= Gii’Gg, ...... G,, 8 ~Fi> a— Fj, ,..m» |8 — F< 

far n=l bis ai+8, wie duroh die NowkonsohenFormeln der GleioIiung8< 
theoriobewiesen wird. 

8 
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Bestehti alao dio Belafcion 

Hi, Hfi, Hr, Hi = K,. Kg, Kj„ Ki, Wi* n«]. 2, », 

8Q musa, w(jnn man 

8 « 4- (Hi ^Hg -1-11;,+ Hi) 

4 

aotzfc, auoh dio Identitiil) 

Hi. Hg. Hg. H.1, 8~Ky, s-Kji, «-3Cii,«-Ki 

« 1^1, Kg, lUaU, «-Hi, « -Hg, h~H„, fl-H., 

(»=>1, 2 0) gollon. 

isii die aimuUnno IdontitUt 

Ay, Ag, Afl = By, Bg, (n’==l, 2 8) 

geWst. 

Exompol ; Aua 

1. 10, 12, 28 = 8. 6, 10, 22 Wi* n => 1, 2, 8, 
folgfc, do * = 8 ungorade und 

K « 4 (H ■10 + 12 -1 28) « 28 
4 


iab, doB BoBultoii 

1, 10, 12, 28, 28-8, 28-5, 28 -10, 28-22 

« 8, 5, 10, 22, 28-1, 28-10, 28-12, 28- 28 (« » 1, 2 0). 


II, Bestehti die Bolotiot^ 


3? 1 , Eg 3? , ^ Q y , G g , , I . . . V I ■ , '■ , 


wol)ei oa ^otodo uftd 




setzi,, aaohdoa Mowtoueobeii Formoln dor Gloiohungutheorio ouoli dio 
Identitilt 

It ' yiv,5!sJ l K», 8.--'Fy, 8— Fg, , 8 — F, 

■ ' ■ ' * Gy, Qg G,', S-Gy, 8-Gg, « — G,, 

liir « = 1 bis a:+8. 


•BmniWAm idbntitatjsn 
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DaiauB folgt fur ^ie Eelatiou 
w 

Li» Ij '2 “ Mj, Mg, M 5 , 

fiir n = li2, 3, 4, wena man 

«'^'^(Li + La + + L6) 

setzt, auoh die Quifcigkeit der Idontitdli 



. s-Lo 



= Ml, Ma, Mfi, 8 -Mi, 8 -M 2 

... . 8 -M 5 , 

(n = 1 , 2 , .. 

..7). 

Damit ist die Idenfcitat 




Oil ^ 2 , Oio = 



I t Dio 



•(n w 1, 2, ,7) golbsfc. 


Exempol : Aua 

1, 18, 14, 80, 82 « 2, 8, 21, 26, B4 
(tt s= 1, 2, 8, 4) folgfc, da « gerado uad 

8 = -i (1 + 18 + 14 + 80 + 82) = 86 
6 

ist, die Identitdt 

1, 18, 14, 80, 82, 80 --1, 80-^18, 80-14, 30-80, 36-82 

= 2, 8, 21, 26, 34, 80-2, 80-8, 86-21, 86-26, 80-84, 

fur n = 1 , 7* 

Bemerkfc sei, dass es Bich auoh hiernioht um oine orsfemaligo L5sung 
der simuliiaiiien IdentitUt 

Oj, O 3 , » Cio — Eg , (u =s 1, 2. »iM<* , 7) 

handelfc, sondern nurum eino von der biahorigon LOsungsweise 
ahivcichcndo LOsungaork. 

Ill* Wenn ioh nun noch eine einfacho algebraisoho LOsung des 
Syekems 

X, Y, Z « U, V, W (n = 2 und 8) 
anfiibre, so wr deswegen, weil doaeen Eosung in ganzen posikiven 



.<J0 AliWlBD jroBSSNRIl- 

Gabion bishoc Mr unmOglioli gohallon wurdo. '.[oU boIko 
X « 8p» + 24p H- 2 ; U » np® + 72p + 080 i 

y » 9p® + 108p+770 ; V » ftp* -l- ].20p -1- 080 ; 

Z ~ 12p® + 180p + «72 i W « I2p* + 204p + 80'l. 

p =» 2 oi’gibli 

01, C40, fi71 « 271, 031, 000 (n rn 2 tind 0). 

, Einon Sondorfall, namlioh 

1, 08C, 800 « 108, 100, 402 (n « 2, 8) 

bobommt man, woun man p=0 odor pw-lflaotat. Dasa mib dor 
goDonnton Eormol niobt aUo [.Osimgon dos vorgologton SyetomB gogo- 
boa Sind, bodart kaum bosondoror EvwUbnung. 1 ?h boIUo blor mir dio 
7j6‘aHttpa»td(jlfo/»7(oU geaelgb wordon. 

NOvnborg, Qormany. 


. Bij)!, Oal. Malb, Soo., Vol. XXVIII, No. 1 (1000). 


Review 


introduction Mathematiquo aux theories Quantiques— par Gaston 
Julia (60 fr. Gauthier Villors, Paris), 

M. Julia is a master of lucid exposition. Here is one of his 
books which justifies this statement, A glance through the 
introductory chapter will enable one to understand the pro- 
gramme of the author. This chapter although historical, is 
extremely instructive ; it is not a mere statement of facts ; the 
example with which the author begins brings out clearly the idea and 
importance of eigenvahto of parameters in the problems of mathemati- 
cal physios. As the reader proceeds, he is introduced to the notion of 
integrol equations and its analogy with linear equations which natu- 
rally leads to the idea of Hilbertspaoe. The aim of the author is to 
develop these ideas in a systematic way and this is done in the follow- 
ing chapters. The introduction of linear homogeneous geometry (affine 
geometry) and its metric is effected with tuch simplicity as to present 
no difficulty to a beginner, while the chapters follow each other in 
elegant sequonoo. There arc other books on the same topics, such as 
that of Weyl, specially meant for the reader of quantum theory ; 
but the authors of those books seemed to have aimed more at elegance 
than at simplicity. For this reason this book of M. Julia will attroct 
a wider rooge of readers than the professional mathematicians. It is, 
therefore, pleasing that M. Julia has undertaken the task of writing a 
series of books which would be a continuation of this volume and wo 
are sure that the series would bo a boon to the readers of quantum 
theory. 


B. R. 




6 


On Linear Sub-spaces in an Euclidean 
Hypbrspacb. 


By 

N.' N. Qiiosh. 


This paper is written, in continuation of a previous*^* one, to illus- 
trate the application of the scalar determinants in geometrical inves- 
tigations. The properties of these defcermihanta alone, enable us to 
build up a kind! of vector algebra, applicable to the geometry of hyper- 
spaco. The mode of treatment is necessarily elementary and the 
topioa chosen are simple, being restricted to linear sub-spaces in 
Euclidean hypor-space. Although, I have avoided standard tensor 
notations, it will be perceived that further developments will m^rge 
into the wider tensor calculus. It is believed that the process is new, 
ensuring greater elegance and expresBiveness in the results than are 
obtained otherwise* 

Let a, (i «= 1, 2, ... iiO represent '»i vectors, linearly independent, 
in an ?i-dimenBional Euclidean space, referred to a system of n 
rectangular axes. The equation of an m-dimensional linear sub-space 
Atn is then of the form 


P 


in 

ft 4" "Sf X/Ctf f 
(-1 


( 1 ) 


where a is the veotoi' from the origin to n given point on the sub-space 
and are arbitrary scalar variables. 

Assooiated with (1), we have the non-vanishing scalar determinant 
of mth order, symbolically represented by 


A, = T W 

. (ci as ... a, ft) . , 

which gives the square of the content of the m -dimensional parallelo- 
tope bounded by the vectors as conterminous edges. 

Denoting the components ot a^ by a< 2 , ... a<„), weoan 

express (2) in the ordinary form of ^ determinant, having for its {i'^’)()h 

* *0n a olafl» of dotormiaanti having georaetrioal .applioatlona,MWf 

xxym.m 
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element, the eoalar product of and aj. This determinant will 

m 

be called the dominant of 

The equation (1) shows that for all points on the linear 7 h- space » 
we must have 

[p-a ai Bg ... «» ■ 


= 0 . 


( 8 ) 


(p-a 

To determine corresponding to a given point p on A,ni we substi- 


tute p - a — S for in A^ ; we have then 

vt 


0 = 


f at \ 
\p-a.j 


A„ + Aa , 


( 4 ) 


ivhere the symbol 


f at > 
\p-aj 


A„ represents the scalar determinant 


Ag in which at in the first row is replaced by p~a. 


2 > Parallel and perpendioular veotore to a linear sub-spacot 

- Let 6 ; be a vector not belonging to the sub.'Spaoe A„|. Then we 
can form a hew vector 

01 f a t^ 


fl, = S a, 




(6) 


which evidently belongs to and is the projeotion of 6^ on A„|. 
, If. is parallel to Aot, we then haye 




or, 


.a.j f?. by. 


i‘be vector b'j » by-fi; ismormal to the sub-space A„, for, takin^j 
any ywtor we have 


(b'V' 


(b'l 




i.j 




vwhere- 


/ 


is ; proportional to the cosine- of the angle between b'y 



01^ ItllSBAB SUB-SPACES IfJ AN BUOLIDEAM HYPERSPAOE 


65 


and c*. By (6), we have then 


A„ 








- 5 


(«<) 


A 


lot) 

[bj Oj dg ... dff, 


a > 
m 


(7) 

dj ttg ... dtn) 

and this vanisheB it c* is parallel to A, that is, linearly conneoted 
with the vectors . 

If c* = d*, we have 


(a*] 


lOjtJ 


Taking another normal b'^ = h*— d*, it is seen, further, 


A« 


The condition that h; is perpendicular to A„, is 

/a,' 

dj ~ 0, i,o., I 


t j 

IT 

11 

Jliy tti 

1 

^2 M 

.. a„.) 


1 1 


0>2 ♦ 

.. «»i) 


A„ = 0. 


( 8 ) 


(0) 


(10) 


Lot V be the perpondioular on A,„ from a given point y, then 
putting 6; => a-y, in (6), we get 

m f a, ^ ' 

v=s bj-dj == a — 

and by (9) 


\p.-y, 


A, 


f) {(X'^y (l\ 0^2 *** ^tn 

(v) (®'^y ^2 

which gives the length * of the perpendicular. 


( 11 ) 

( 12 ) 


8. A set of vootors mutually perpondioular to one 
another on the aub-apaoe A,„, 

Lot us start with the vector aj at the point a. Taking ag, we 
replace it by 



* A formula from a difforent point of view, la given by H. B. Uhler in hia paper 
entitled, 'Least distance from apolnt to aUneor (n-fO-spoco in a linear n-spnoe,’ 
Annals of Mathomatios (2), 27, 06-8$, 
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wliioh JB pei'pendioular to nml lioa in the plane otii, umlog. 
Next, 03 is replaced by 



which ia porpoudioular to tin) plane o( ((j anti (I j,. IVoctHuliug in thia 
manner, wo finally roplnoo «,» by 




>11-1 
dm " S 
<»1 



(Ifi) 


whioh la porpondioular to the aub'Bpaco A,„_j formud by the veetora 

Now rtf, rtg'K, rtg*, rt,«'* belong to a ayatem of »i mutually 
perpend ioular veetora of the sub-, apace A,„ and k of thoBo vootara dolor- 
mine a linear Bub-Bpaeo of k dimonsloDs, while tlio remaining /a—7t 
vectors dotermino one of (m — Jf) dlmonaiona, Intoraacting nt the point 
n, such that every lino througli the common point in any one ot thorn 
is perpondioulor to every line in Oho other through the aamo point. 
The two liuour Bub-spaoea are vomploldi/ oHhogoml. 


From (18), we have 




U».*] 

fl 

£> 

_Jl 

[««!*) 

1 

1 

!«».*) 


Wl 


and consequently the dominant A„^ of A„„ may U ox^resaod in the 
canonical form ’ 


l«a*! 


(a,..*) 




(W) 


Again, 


Therefore 






/(im\ 



I 

1 

1 

T--. 

■ 


\i>jJ 


(a».*) /a.., 


(»« 




«.»"'l 
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4. Novmah folated ia two given linear suh-spaces. 
Let the Bub-spaces A„i and B/ be given by the equations 


— a + S X (((’(. 
i »1 


p - ^ + S Vihi 


(16) 


of VI and I dimensions respectively (w ^ 1). If the vectors a^, be 
all linearly independent of one another, we have, associated with 
the two sub-spaoQs, a non-vanishing scalar determinant of {ini-l)ih 
order 

vi^lC^iu (17) 

CjL 62 . 

This will be called the oo?n})otmd doviinant of A„* and , 

Replacing (jy, by b^j^bj-clj, we have 








(i)'i 


ItoproBonting 


’ ((*1 b^,,,bt , 


by A\j, we get 
Similarly, 


( 18 ) 


The linear eub-apaco B'j, formed by the veotors &'<, may be called 
the linear ?iormal-««h.8pflco to A„„ corresponding to B;. Similarly A'„, 
will represent the linear normal sub-spaoe to B j, corresponding to A,„. 
Now A',„ and A,„ cannot be made op of linearly independent veotors, for 
2)11 > im-hJ. I'lonoe, at least, w— I of the normals to Bj, will neces- 
sarily bo parallel to A,,,. To obtain these, we proceed os follows : 

Choose a set of I veotors ftj, in A,„ and form tho scalar 

determinant 

“J „ 
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C8 


Taking oaoli of the tetnaining in - J vectors from A„„ lob ub oons- 
truct the vectorB 


ff, = Oj— 


fa,' 


“ j 

A , (8 « H-l, (20) 

*1 


which obviously belongs to A,„. 

Now it can bo easily soen that tTj is porpondioular to B / , for, 


Ub, 


I Ct J Cij^ (Ig • < 4^ { I 

6 * 6 , 63 .. .lit! 


=0, h ^ 1. 


Nexb, we shall prove that if n normal to A, „ is parallel to B>, then 
there is a normal to B , which is parallel to A,„, 

Lob c j denote any vector nob lying either in A,„ or B ^ . Denote 


Oj~%a, 

t-i 


.OJJ 


A.J A 


a normal to A„,, 


and jAjj| Aj^ .corresponding normal to B<, 


by 0 ^^ and respectively. We have then 


and 


cp 


op 


op 

op 




op »i «3 

Oj hiha b, 

op h^ 63.,.>,.6, 


whence the proposition follows. 

op 

op 


Since 


must vanish, it follows, further, that the nornxale 


are perpsndloulat to one anobhert The two Bub-spaoes are then Juab 
■partially ofihogoml. 

5, Oonimon normal to two linoar stib-apacos, 

Let ^ extremities of the common normal to the 

Bub-8pao69 (1,6), be denoted by V, then 
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and satisfies the relation 

AA . 






Therefore, substituiimg for a< in (17)» the expression (21) for v, 
we get *. ■ 


Similarly 


- Vi - 0. 


These equations determine the position of the common normal. 
The vector v is given by 

m f \ 


4- %bi 
<«1 


If we consider a compound linear sub-space of m + l dimensions, 

rn I 

p ^ a + S y (bi t 

then the perp endioular from on it, is givefi by the same expression 
as (22), 

For the length of the common normal, wo have then 


( j 

1 1 

1 a— ^ (t>i a2.t.a,„ bi b^^^kbi ) 

/ \ 

\ i 

y =» 'i 

' / 

( V ! 

1 • 1 

[ a-^/J ctj bgi, b; ) 


If, however, some of the vectors 6f be parallel to let the com- 
pound dominant be represented by 

“ ] ' f, h A ( ’ 

( (ij a^,..a„ bi ba-o* ) 

the mutually independent veotors, i ^>*+2 being linearly 

connected with Cf, 

. m t 

Now V = a-/3 + S iCffl, -S J/,b, , 



Making use of fho dominant (2<l), we have 


a, 


j 




hi 

V“~/5, 

The VGotor vis given by 




ft, 


^rt„,fi^.(v-a + ^) +S a,( ?»r 


Va^/jy 


M " Jt 






k 


\ m i 

{ n. \ 



M » 1 \ 

{hin.ii/ 


But iBliuoarly oonnooted with ft,! by (0), tho right* 

hand oide vanishoa. Honoo 




m / \ k 

(v-a^h/i) SftW Art b 

1 Va~|3/ “ * 1 



0. (26) 


It must be notiood that through ovury point in the ‘flub-apaoe 


j8 +1 6, 



i»*u 


Vjbj, 


there is a oommon normal* 

The two sub-spaoes are oallod {l^k)jl pavalleh 
If, again, eU the veofcors b| are linearly connected wlbhft,, tho 
compound db^inant IB represented by 



ft| ftj^Miftni I 



Tbetwb sub*SpaoeB are now ob«i^p|qitaZy pavatlol, 
Afl before 

■■' : 4^ .4 

. ■ ■ ■ • m' ' J 

i : V ^ + , 

where are all linearly connected with ft,. 

We have now 


\a^p/ -/*•! 



«« 0 , 
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and V is given by 




From every point in B > , there is a oommon normal. 

When V vanishes, the sub-spaoes aro said to interseot. 

6. Angle between tiuo linear eub-spaoee. 

The angle between A,„ and B j Is the same as the angle between 
the sub-spaoes 

„ P = S (el<^i I (i) 


= («) 

passing through the origin. 

Projecting b , on (i) orthogonally, a sub-space of I dimensions is 
generated in (i), which lias for its equation 

t ^ 

p = 5 ( 8 , 0 ( . (ini) 

Now the angle between (f) and (ii) is the same as the angle between 
(i) and (ill). Denoting this angle by 0, we have 

itl ) / hi bn,,,,,,bl) 

0OB»d » • W • >. (27) 

« .^1 j f } ^ 

It owa be proved that 

■"1 Hi f- 

(^1^9 ) (hi hg 6j) 




1 J 


'♦IV ^ \ 

u 

J 

’ i 

l&i 

) 


where the summation exiiends over all f-oombinations (f], fs.,.!;) of 
the integers, 1, 2, ...in, arlranged in natural order, 

2 



N, M. anosH 


m 


In the nbovo, tho eymbol 






\hh hj 

ropresenta fcho scalar dokirminma in which a,\ in the first row 

m * 

is replaced by b* for /(=>!, 

Hence ooa*<? may, bo expressed in lorras of the ulemoiits of (i) and (ff), 
In the particular case, when f « in, ooa^d is given by 


tti aj. 


(»! ag... 


^1 *'»,■ 


wJLJjiLlJ' ' 



ffi 

m 



( 20 ) 


When some of the vectors 6 1 are parallel to A,n, the ratio (27) moy bo 
further reduced, Let, for deftintonaHa, 6*n,...6,' bo all parallel to 
A„„ then 


Ujflg..., 

^*1- 1 • 

SA 

b, bg.. 

....b| 1 

aj*! 



* |, J *r 

....b, )l 

!b,bg.. 

,.,.6; 1 

(<lj fig.. 

bkvi 

b( ) 

I 


“ \ 

N 

' Ai . 


(6169.. 

...*64, 6*^.j 

l>, 1/ 

t 



Denoting the scalar determinant 


by 



where 


i^*+l I 

j mo-y .bel^xjj^bafled 


o'l ,,.b j j 


i^jif 

cry 6; 6*,, 

* , . . y " 1 


filmibrly 
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is expreased in the form 


Hence cos^S is reduced to 
(^1 


(CTi Crg^.^CTi 




(80) 


We have soon in Art. 4, that it is generally possible to find a set 
of at least m-Z vectors in such that each of them is perpendicular 
to Bi, Let us suppose that + denote these vectors^ 

then cos®^ in (27) is expressible in the simple form 




/a, 

Oa...a, ' 

<1 

|aj <13. .,0-; I 
1 1 

\h 

ha-.-bjy 


.8, 


or 



( 81 ) 


which may be further reduced by expressing as a product of 
scalar determinants of which one member is the minor ( ). 

7. OYthogonaliin of linear Buh->^pao6B, 


When two8ub*spacGB and aro completely orthogonal it is im- 

<1 

possible to form a non-vanishing scalar determinant of the type A^*, 

If 

When the sub-spaces are not orthogonal, tho'iHaajmiim order of such 

scalar determinants is I, in fact, A^^^^ may be so ohosen as not to vanish. 

When the Bub-epaoes are orfchogonali the maximum order is It. 

Let U8 represent a typical one by 

I O'i 

bi 82*? *8 A 



and call it the mixed dominant oi Aj^ and BJ. There are now m~^U 
mutually independent vectors in perpendicular to B| andl-ft 



N. N. nnoaw 




mutually inclopondont vootom in B, pf-rpniulioulnr In A„,. To rlolonnino 
theao VtiotorBi wo proooeci a» tollowa; 

OoDBklor tho sonlar detertninuut 

(hi 6a...()* \ {«.| ) 

I pt, *1 ( , 

\(lj fly. .■<!;( / (f»l I 


which WO eimply clonoto by A^*, Thon tlu» vootnrH 




i I) 

< ** jt I’ 1 


(s<=‘l( + l, /{ + 2, ,«i) 




(33) 


oro oil porpendioulor to B|. Moroovoi*. nil theao »i -k 
to A„„ for, 








0, (» « /(• -l l, 


vootoi't* lioloitg 




aiuoQ ovory aoalar dotonninaub 



involved in lb voniahoa when expondod by Laplaoe'a theorom, Agoin, 
oonaider the aoalor determinant 


(ffi rta-»* «*+!•. .o», 


v^feieh w« MttiPly depptie l-fc veotora 

« -■■•''•A' !’■' ■v; 



(« <o fc + 1, ft+2, 1) 

ore all porpendioular to and lb oan be proved that thoy belong to B ( , 
When A„, and B, ore oompletely parallel, wo shall olwaya have 
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and consoquontly the eub-spaoes can never bo orthogonal When A|,: uud 
B| are hjl parallel, the order ot the mixed dominatiti is h, 

which we may conveniently represent by 

fa, oa ... oj 

k '■ 

and the highoit degree of orthogonality i« {l~h)ll. 

The ni“/i mutually independent vectors in A,„ perpondioulor to 
B , ore then given by 

A / K'‘ • = 'H-l m), (85) 






w » 


where 


j^l ^2 ^/i + l ^i) 

^ 1^1 ^2 W ••• j 

Thci 7- h mutually mdopondonfc veotora inB| perpendicular to A„ 
are given by 




(60) 


whore 




fjg M. Aai. 1 ... a„i 

rt, flj „• ftft a,n 


Since o, = b, (i = 1, 2, ... h), the above may bo expressed in 
t)io form 


h /««\ 


6,- a ail 1A« / , 

(s 1» h'h2. Mt) il)i 


(87) 


8, i5f«ooe<«fno projeottons anii minimal vooton. 

Let 6 be any vector lying on B,, then its projection 6“ on is 
given by 



7 g 


s. N. aaostt 


If now b* be projected on B|, we get 



I III /^A 

« S S Aj, 

‘-t A-i \aj ' 



The veotot 1) ia a -iwifttninJ weofor, if 

1= u.b, (80) 

where ii *= oo8®i|li, f being the angle between h and A,„. 
Representing, for a moment, 



by the symbol ^ J, and using for h the expression b(, wo 

oen rewrite (89) in the form 

I I f \ * 

S ^ (‘ hj = wS Vi i>{, 

i-i 1-1 \b J <-i 


whence 


^ ; (f “ 1 . 2 1 ). (dO) 


The above equations determine the j/*s of the minimal vectors 
provided 'U satisfieB the determinantal equation of well-known form, 




ON LINEAR BtJB-SPAOES IN AN EUCLIDEAN HYPEUSPAOE 77 

Putting w =3 0 in tho above, wo get a determinant which is the 
product of two rectangular arrays 




where the summation extonds over alU-combinatioDB ip ig, <i 
(arranged in natural order) of the integers 1, 2, m. 

Referring to (28), we notice that the value of (42) is ooa^^, where 
fi is the angle between A„, and B ^ . 



Beiadfcing the ^ roots of the fundemental equation (41) by Uj, 
it follows therefore 

111* «a - oos**^, (48) 

If h oi the roots vahish» the sub-spaoes A^,, B/ aro It/l orthogonal » 
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On thg VisoToa disutva^tion of the Invariants and 
Centroid formulae for Convex Surfaces. 

Bt 

S, N. Eoy, 

I. 

Introdxiction, 

In a previous paper,* Mr. E, 0. Bose aud the present author 
took fcheir oue from investigations made earlier of certain interesting 
properties oonneoked with the throe different kinds of centroids defined 
for a closed convex curve and studied the corresponding properties 
with reference to four different kinds of centroids defined for n closed 
convex surface, of course, regular and analytic throughout. Aseooia- 
ting with each point of the surface, three different kinds of density, 
in Buooessim, (1) a density proportional to the Gaussian curvature 
1 

^ »j where and R® are the principal radii of curvature at 
Xv^ tvg 

that point, (2) a density proportional to the mean curvature 

\ ^ Eg 

thus differently weighted, were called reepeotively, (1) the Qousaian 
curvature oentroid, (2) the moan curvature ceniroid, (8) the aurfaoe 
centroid j and the moaaoe of the three suoh weighted surfaces were 
called respectively the three invariants of the surf ooe. To the three 
auoh oonkoids was added the volume centroid and to the three invariants 
of the surface, the volume content, thus making up four centroids 
and four invoriants for the surface. 

''R.O.Bobb and S.N.RCy, “On th« four canlroid* of i. closed eonv.x lurfiicei’’ 
Bull. Oal. Matt. Soo.. ST, (108B), Other referenoes to the .literature 

bn tiie Rubjeot will be found In thii paper. 

8 


(8) a uniform density, the centroids of the surface 
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A (1^ 1) correspondeooe being established between the surface 
and a unit sphere in the sense that> corresponding to a point P on the 
surface, a point P' could betaken on the unit sphere, such that the 
radius vector from the centre of the sphere to P^ is parallel to the 
outward-drawn normal to the surface at P with direction-cosines 
(a, y), it was shown that any characteristic defining the surface 

could be regarded as a function of petition (a, y) on the unit sphere, 
In particular, H, the perpendicular from any point (taken inside the 
surface for convenience) to the tangent plane to the surface at P, 
could be looked upon as a function of position (a, /3, y) at the corres- 
ponding point P^ of the unit -sphere. This H is commonly known 
as Minkowski^s Stiitzfunktion, 

Grad, etc., were associated with differentiations connected with 
movement from one point of the unit sphere to a consecutive point 
on it, all vectors being thus situated on the tangent planes to the unit 
sphere ; and denoted the vectors from the origin to the four 

centroids and 47r, M, 8 and V, the four surface invariants. 


■ It wasehowii that . . 

= ajnHdw, . (I’l) 

^ .2Mr' « f(8E».^VH)nda)». (1*2) 

h r S r// - j'{H^“ HvH+Hgt^adHgrad)vH}nda>, (18) 

KH^'-2H2vH + H(gradH grad) vH + i(vH)5^}ndw 
^ ; : +H{(gradH grad)(vH)}gradHdw, (1*4) 


"where vS=gradB[. gtadH, n is the unit vt’otor in the difsotion of 
the outwsrpd drawn nocm&l to the snrfBce at P) i, e., the radius veotor 
from the centre of the unit sphere to the point P' on it, dm is the 
■'eleiiiient of area on the unit sphere and the singla sign of ialegrafcion 
stands for the double integral, 
the four invariants came oob ns 


-■'M.^ ^'Edm, ■ , ' ( 1 ' 6 ) 

V S ^ 

-.iayH+i(grndH gmd)(vH)}d<o. ' ’ fl 'S) 

Xh? objeai of the fr^eni .note, is to express the mean radius 
of curvature i (Bj +B 2 ) and the Qaussian radius of curvature B,Eg 
purely in terms of vector invariants, the vectors being gradH 
mi other . vectors denvable from it and to. derive the formulae for 
'the different centroids and aurfaae ^ defined above, by 
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% 


fureiy vootorial methods or, to he more explioity hy meauB of the 
welUhnoion V'-oaloulus {dGUoalouhis), This considerably simplifies 
the labour of oalGulaiion mvolved in th& previous derimtions arid 
like all vector mothodSy gives an insight into the process of caloula- 
tion, The intoresilng geomotrioal properties conneetod ^vith these 
centroids and follotoing direotly from the formulae (1*1) to (1*8), 
have been proved hy the methods of vector differential geometry 
in the earlier paper which ought to be referred to for these. 


II. 


The appropriate veoior oaloulus and the veotor expressions 
for the ourvatures, ,,,■ 


Any scalar quantity V which is a function of tho posibion (aV y), 
on the unit sphere oan be made a homogoncous funotion of (a, /?,y) 
of any desired degree p, by virtue of the relation = J and 

after such a transformation, it was shown in the previous paper 


that * 



do> — (p*|-2)faVdw. 


If we regard ~ — , etc. as simply space difieronfciotions of a 

aa op 

funoliioE of space ooordinaies (a, j8, y), then we have 

Jgrad Vdw « (p + 2)JnVdw, {21) 


where n is bho unit radius vector from the centre of the unit sphere. 
This is, of course, a veotor equation. ■ Similarly, if V is a veotor funo- 
tion of (a, /9, y), of degree p, then 

fdivVdw = (pH-2)Jn.Vd». (2;2) 

frotVdu) =» {p + 2)ynxVdw, (2‘8) 

Also if W and V are two liomogeneous veotor functions of a, ,/3, y nnd 
if pibe the sum of their degreos, then 


fW divVdu) = - |(Vgrad)Wdw .+ (p-l*2)JW.{n. Y)du). (2-4) 

The formulae (2-1) to (2 '4) are the fundamental integration for- 
mulae of the present oaloulus and will be repeatedly used in oourse 
of the oaloultttions in sections III and" IV. ' 

♦ B. 0. DCS# wd e. N. Boy,' ioo/eft'.; fofmul# (2-e). 



, ' It fibovild be renaeoabered here that div, grud, eic., of the present 
. paper are apaee differentiatioufi and should be distinguished from div, 
grad, eio., of the previous paper which are sux'faoe differentiations. 
As a matter of fact, 

gradV (spaoe) = gradV (surface) + pnV, (2’61) 

where p is the degree of V, We have sinailar roBults for div and rot. 
In fact, if V is a veotor iunotiou of space coordinates a, /3, y, it can 
he shown that 


div V (space) = div V (surface) + p(n.V). (2'62) 

Changing Minkowski’s Stiitzfunktion H into a homogeneous function 
of (o^jS, y) of degree 1 by virtue of the relation a® +/?2 + y®csl, and 
eaUing 


m 8H SH_xr 9*H 

da " 8,8 8y 0^8 


11, — rxi 


8 21 


8fH 

9y* 


3»H , 

a«8,8‘ 


_ xr u-JJ. TT 


9°H _ „ 82PI 
0^3y ” 23 > -H 


31 * 


we easily see that * 


aH, +/3E8 + yH3 = H, 
or veolorially, n. grad H (space) = II. 
Again aHii + /SHi2+yHj3 = 0 

aHg|+^H22+yH33 = 0 
aHBj+^Ejj + yHss 0 , 


(2-88) 

(2-640) 


or veotorially, n. grad{vH) (spaoe) = 0, 
‘and also (n. grad) (grad H) (spaoe) = 0. 


(2-64) 

{2-646) 


Again, remembering the relations (2‘64) to (2*72) of the previous 
: ps^or, we have 

VH (space) = vH (surface) + H2, (2’66) 

and (grad E. grad).(fpniotionof degree p) (space) 

^ (gradH. grad) (function of degree p) (surface) 

+ p®H (function of degree p), {2’66) 

• W.?Ufl<^^, KMj»«nd Kugel, ja». 
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4 (Rj +R 2 ) = 4 (Hu + Haa+Hsa) = 4 ^iv gradH, 
Also* R^R 2 = 


Hji 

H ,.2 

^13 

a 

Ha, 

H 22 

^23 


Hs, 

H 32 

H 33 

y 

a 

i9 

y 

0 


= a [a(H ,J al-Ig 3 - H| s) + 1 - H3 , Ha ») + v(H., , Hg 5 - gHg 1)] 

+ )3 [similar terms] +7 [similar terms] 

= a[a(H3gH3 3 — H^g) + ■yH33)Hgi +{aHj[ j +yHa l)H3g} 

-h {( - all , 3 - 2)1-12 , + (aH , 1 + iSHa , ) Ha a}] 

H-/3[8imilar terms] + 7 [ 8 imilar terms], from (2'i540), , 

= a[a(Ha2H33 — H^a) •Ha(HjiHg 3 — Hfg) -l-a(H2aHi 1 -HSi)] 

-l-y3 [similar terms] - 1-7 [similar terms] 

= a2[(H22H38-Hig)-i-(H,,H33-Hii)-)-{H22Hu-H?2)] 

•t-/3^ [similar terms] -Hy® [similar terms]. 

• It easily follows from the perfeot symmetry of the oooffioient of a* 
that /3® and y® will also have the same ooeffioient, Therefore 

R.Ea = (H 28 H,,-II§,)-)-(H 33 H 38 -Hi 3 ) + (H 98 Hii~Hij) 

0 


« |-(H,I-l 22 )- ^ {HiH.a)-!- ^ (HaHan)- ^ (H 2 H 23 ) 

0 


- ^ (HsHxi)- I (H 2 Hi 2 )H- ^ (H3H22)- I (HgHaa) 

+ |-(HxH33)-|^(HiH8i) 

- i |^{Hx(divgradH-Hi,) }+l{Ha(diy gradH-Ha*)} 


_d 

0y 


-H “ {H3 (div gradH -Has)} 






■I 


(HS)h-|,(h» +1^(11!) 


W.Blwbke, loo. oiLa^O, 



-idiv(graaH div:gmdH) -i div grad vH^^^ 

We have thus 

Bj+Rg =2 divgraclH^ (2*0) 

and Jdiv{gradH div gradH-^ grad V^L}# (2*7) 

in, 

T/i-e invariahie of ihe surface, 

jt ' • ."■■■' 

The Arab iavariant 4ff need nob, of course, be oaloulated, 

The second invariant 

■ Ms i;(lli+Ea)dttf 

= iJdivgradHdw, from (2-6), 

= ifn. gradH dw, from (2 '2), 

. = from (2*68), (8*1) 

The third invariant 

S <= jRiRaCloj = ^J{div(gradH div gradH)-idiv gradvH}d<o, 

from (2*7), 

— » i)'(ii.grftdH div gradH)d(i>— ifn.grod 

from (2*2) 

"" "a div gradH)dw, frorn (2*68) and (2’64), 

=! §fn.H gfndHdu—JJvHdw, from (2*2) and 

ordinary del-oalouluB, 

. - . ■ s=» J|(8H® — (spfloa)! (^’CS), - (8 2) 

r = f(H* -4vH-)<^<«' from (2 •66). (8*8) 

1 -.I’ ^ 

■ The fourth invariant 

Blit... 

■. '/fiB jEjdw == iJH.divCgradH div gradH)dw 

' di# grftdvH.dw. 


from (9*7), 
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(. ■ 

= iJdiv(gradH*div gradH)«w- div gradHdu 

gradvH)dw + JJgrad H gradvHdw, 

from ordinary del-oaloulus, 
= i|n,grad H® div gradHdw-^JvHdiv gradHdw 
-/H.n.grnd vH dw + i^gradH. grad vHdw, 

( 2 ' 2 ), 

«fH/div gradHdw-iJvHdiv gradHdo) 

H-ilgrad H.gradyHdu), 

from (2’63) and (2‘64), 

=. H8d<o ^ 2 J H vHd« - /HvHdw 

+ HgradH grad yH du + J J (grad H grad vH)dw, 

from (2'2), 

= 4/H®d«-8|H vHdoj+llgradHgradyHdw. . - 

Therefore 

V = f -■ HyH + igrad H. grad vH}dw (space) (8 *4) 

*= M{H'''-|HvH + fgradHgrad vH}do) (surface), (8 6) 

by (2-68) to (2’66). 


(41) 


IV. 

Tho four OonU'ouh, 

4(rr* = fgradH.do) 

= 8/n.Hda), from (21), 

2Mr' >=» 2jgradHdiv gradHdw 

=» -•2y(gradHgrad)(gradH)d<ij H-4/gradH(n. gradH)d<o, 

from (2'4). 

It is easily seen from tho ordinary del-oaloulus that 

(gradHgrad) (gradH) =» igradyH, ' ' 

where VH » grad H, gradH. 

Tbis^ result will be repeatedly used jn course of the oaloulalioiist 



Therefore, the above expression 

— -5gra<i(vEL) + gradHiJw, from (2*53), 

= — ^n.vHc7u)4*4fn. dw, from (2*1), 

= j‘n.(4H2-vH)(?<a (space), (4'2) 

=s J(3H^ — Vll)nd«) (surface), from (2’3{)). (^’8) 

Sf" ** i^gradH. div(gradH.div gradH)dw 
— ^JgradH div grad ^Sdo) 

“ iy(divgradH.gradHgrad)(gradH)da> +iJgradH2divgradHdo) 
+ JJ(grad vH'g'®^)(8i'®8H)dw-l| gradH(n. grad <^“1 

from (2‘4), 

« i5(grad Hgrad) (grad yH) dw + iKgra^ vHgrad)(grad H)du) 

+ iigr&i H®. div gradHdw -i| H grad yHdca, 

from (2'64) and ordinary deUoaloulus, 

- i; grad (grad H.grad vH)do>-i ^ H.grad yHdu) 

grad H®. div grad Hdw, 

from ordinary del-oalculut. 


- i J n (grad H. grad yH) du)- H "■ HyH dm 

+ 1J yH gradHdw-i;(gradH. grad)(grad H®)dw 

+ H® grad Hd(i), from (2*1), 

- iJn. (grad H grad yHjdw-^JnHyH + grndHdu), 

from (2*1) and ordinary del-oalouluB, 

n 1 Jn (grad H grad yH)du>-f J n HyH. dw 

+^^nH®du (space) (4*4) 

« -HyH+i grad H grad yH} n dm (surface), (4-fi) 

by (2-68) to (2‘66), 


w Jf grad H® div (grad & div grad H) dw 

. i ; ' '*• ^ ' ■ -'^1 grad H® div 


grad y H dw 
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= H (div gi’ud H grad H grad) (grad H®) dw + J J grad H** div grad H du> 

+ JJ(gi'ad vH grad) (grad frdtA (3-4), 

Hgrad vHdiv grad Hdw— iJ(gradH. vH div grad fljdu 

+ J ( grad li® div grad.H d« + (grad vH grad) (grad H®) dw, 

from ordinary del-oalculus, 

= jy(grad H grad)(H grad yH) dm— grad vE dm 
+ 4j’(gradH grad) (grad H. vH)dm-J HgradH.yHdm 
l-iJ gradH^div grad H dm + grad vH grad) (grad H)dm 

+n grad H (grad H. grad vH)d6). 

Eemembering that if A and B are two vectors, then 
grad (A. B) » B x rot A -l- A x rot B + (B grad) A + (Agrad)B, 
and combining suitably, the above expression reduces to 
H grad (grad H. H grad vH)dm-iJ grad H x (gradH x grad vH)du 
— H® grad vE'dm + J j" vE grad vEdm 

+ i! gradH. (grad H grad vH)dm- if gradE^ yHdm 
+ J J grad div grnd Hdm + JJ.'grad H,(grnd H grad vE)dm 

from ordinary dehoaloulus, 

c if n (H grad H grad vH)(im -if grad H x (grad E x grad vE)dm 
-2( n. E® vHdm+if n (vH)® dm + S J grndli(grad HgradyH) dm 
H-Jf gradH” div grad Hdm, from (2'1) and ordinary del>oaloulus. 

But 

JJ grad H*div grnd Hdm 

=ss — JEgradH^grad) (grad H”)dm+-^| Hgrad H®dm, from (2’4), 

= - if H® grnd vH dm - f grnd H (grad H grad H®) dm + 6f n H* dm, 

from (21) and ordinary del-oaloulus 
w “21 nH® vEdu-if gradH®, vHdm + 6f nH^dm. 

Also remembering that A x (B x 0) = B(0 A) — 0(AB), 

4 



wehflve 

: _ J ; grad H x (grad H x grad vH) dia 

== -H#ad H (gi-ad V H. grad H) d<a + H V H 

= grad H (grad yH, grad H) d<i» + if n {vH}’* d<a, from (2 1) . 
Therefore 

4 Yj!/h = 6f nH*dio-if V Hgrad H®dw + if n (vH)*dw 
‘ - 4f n vH dw + if n (H grad H grad vH)d w 
+ if grad H (grad H. grad vH)da) (space) (d'O) 

= f {H+ - 2H® vH + H (grad H. grad) (yH) + i (y H.) ®} n dw 
+ if {(grad H grad) (yH)} grad Hdto (surface), ('1 "1) 

^ by (2'68)to (2-66). 
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& 

Equation db Laplaou dans l’bspacb a deux dimensioi^s. 

PAR 

S* P. Slouguinopf 

Lg but clu present article est de donner une eaquisse de quelques- 
uns doa rdsultats touchaut h rdquation do I^aplaco dona I'espace 
euolidien h, deux dimenaions. Aveo cela nous faiaous ootro devoir de 
donner h Texpoad un oaraot^re diimentaire, original et synthdfcique 
poBsible, 

Equations aux (Urivdea parti ellcs dxi second ordre, 

Oonsid^rons rd^uabion du eeooud ordro lin6aii‘e en r, 8, p, g, 

Ar*H2B8 + Ot-I?((c, y, p, q) ^ 0, (1) 

dans luquelle A, B, 0 d^signenb dos fonotione queloonquea do cc et y et 
p, r, 8» t sonb paramfetres oonnus de Mongo, 

L 'Equation (1) on peub dorire aussi sous la forme 

Ar + 2B«4-Of4-Dp + Bg + F^ « O', (P) 

oil A, B, 0, D, B, P, Q d^signent dos fonotions de x ot xj seuls ; en 
parMculior, si G = 0, Pdquation (10 on dit lindairo et homogdne. 

GaraoUristiques, La notion do oaraotdrktiquo a uno grande impor- 
tancG dans la olassifioation des dquations aux ddrivdes partielles du 
second ordre. Pour obtenir Pdquation de oaraotdrlstiques nous 
Youlons employer un tel moyen. Soienb 

Ar+2B8d-0<-P(aJ, 2/» Pi 9) ^ 0, (a) 

rdx^ady-^dp 0, (i>) 

sdiC’hMy 0, ’ (a) 

L'dlimination dos r ot 8 entro (a), (b) ot (o) fournira 


t = 0. (d) 



On safcisfera h cette Equation en prenant 


^dij 


A ^ -2B ^ + 0-0, 


dy 


idx 


dx 


alor^ 


A i^U2B 


I dx dx dx 


dx 


CeB Equations on peut 6orire et d'une telle maniire 

Ady^ -^Bdxdij^ Odx^ — 0 , 

et A(dqdy—dpdx) — 23dqdx-\''Bdx^ == 0, 

ou sous la forme dea dSteraQinania 


(2) 

( 8 ) 


(20 

(30. 


et 


A 

2B 

0 

= 0. 

(2") 

dx 

dy 

0 



0 

dx 

dy 



A 

2B 

F 

= 0. ■ 

(8") 

dx 

dy 

dp 



0 

dx 

dq 




Pour noire but il suffit de considdrer T^^iuatiou (2). 

L^^quation difidrentielle (2 ou 20 du premier ordre et du second 
degrd on appelle rdquafcion difidrentielle dea caraotdrisfciques. Cette 
dqusfeion nous pouvona ddoomposer on deux dquatiops du premier 
ordre et du premier degr6, h aavolr 


A dy (B + v^ B®— AO)daj = 0, 


et 


A dy - {B-*/ B^-^AO)dx ^ 0, 


( 4 ) 

(40 


Les deux derni^res dquations et nous dopnent les dpux fan^illeB de 
courhea oaraoidrtatiquea par t ’integration de oes ^quationB, Soient 


$ (aj, y) s= oonsto y (a), y) ^ const., 


io) 


les 4«ux Iat6grales ainsi obtenues, Ea ayanb (5gard h la relation (20 1 
il eat aisd de voir que ^ et eatisfont h I’dquation du premier ordre 


A ( ^ ^ + ij 
y 0«.y ^ P«' dy y 0^ j 


(6) 
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MaintGnanfc uoua constituerons la olassifioation suivante dea 
Equations diff^renUelles : 


1) Si B2-.A0> 0, rdquation (1) o^b du hyperbolique; 

2) Si B^-AO « 0, rdquation (1) eat du type paraboJtgwe; 

8) Si B®-AO < 0, rdquation (1) a^b du hype elliptique. 


Dans le premier aas, lea deux families de caractidristiques sont 
I’^ellea et distiuotes) dans le deuxi^me pas, las caractdristiques sent 
r^ellos oi) confondues et dans le dernier oaa les caraofc^ristiquea soot 
imaginairea. 

r . 

Et final ement il faut prendre ^ et y pour nouvelles variables ai 
Ton veut ramener rdquation (1) aux forviea Ga 7 ionique 8 , En rdsultat 
de nos transformations rdquation propos^o so change on une nouvelle 
Equation de m^me forme 




a^a.; 




$< »j. 


Qn Qn 
’ dti 


0 . ( 6 ) 


oil Aj 



dm 


a 

+ 2B 


llV-M 

a® yy ay 




Bi 


dx dx 



PJ -I- 9 ^ 9 v 
dx dy dy dx 


Ty Fy’ 


( 7 ) 


/ 

Equation du type oUiptiquo, II est intiressant pour nous de 
consid^rer seulement lo oas troisiime, En ce oas nous avons les 
oaraotdristiquGS imaginaires, Pronons ^ + = X(jb» j/), *= 

y(jr, y). Si daos la relation (6) on pose X — / — ^ on trouvera 


A| — Oj ” 1 - 2 B jt 

Done Ai ==: Oj, ^(8) et ^ 0. (9) 


En ayant dgard h oes formulas, on ramine liquation (0) h lfx 
forme oanonique 





dfi _Pji\ 

W’ 0.,/ 


= 0. 


( 10 ) 
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oil / eat la {onotion lin^aire par rapport aux n, ^ pout, 

ai I’on veub, ropr^senter l’(4quatioa (10) sous la forme auivanto 




(10') 


Si I’ou po$Q dttQB Botto dquotion a=l)=3O=<7=0, oa obtiendra 


Aa = 


= 0 . 


(11) 


L’fJquation (11) oonaue sous Ib nom do I’dquafioa de Laplaoe, 
Cette Equation a une grande imporbanoo en Analyse eb en Physique 
mabhiSmatiquo. Oomme on voit, ello est le oas parbioulior dea 
iquationa du type elliptique (B.Pioard, Leqona sur quolqu. typ. simpl. 
d’dquat. aux ddriv. part., 1927, E.Goursat. Cours d’Anal. mathdm., 
t.III, 1927.1 L.Bieberbaoh, Dififerentlal-gloiohungen, 1926). 


Oonditiane de Oauohy-ltioinann ei dquation de Laplaco. 

Soib IV = /(«) une fonotion continue uniforme de la variable 
oomplexe a ddBnie dans un domaine D, On peub doriro 

to sa /(») = /(ic + i/t) = P + Qi, (h) 

oh P et Q sont dos fonebions rdelles continues do deux variables 
rdelles « eb y. Oherohona dans quels oas la d«irlvdo ™-o8boompldbo- 
menb detdrmiado et ne ddpend que du point queloonque M. 

On a 


du) M 


~^da:+~^di/ + i 
das dv 


^dx+^^dy] 
0a; dy "j 

(r os £+i sn t). 



d’oh 


^das+-^d2/ = rest, 
oa; oy 




En outre 


dz = dx+idy = p(os ^+i8n^), 
d’oh dx — pcs ^ 1 . dy = psn 

Soib maintenanb ’ t,- i>+6. 


(k) 

il) 

(tn) 
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Alora 

S P 9 P 

£>C8 ^ ^ + 0) 

dx dy ^ ^ 

=5rG8^ca O-^rsnyfmOi 

pcB ^ -h ^ r8uW + fl) 

0iB 02/ 

— rsn^oa^^ + rcs^sn^. 
De \h on peut condo e quo 


in) 


ap 

do; 

8Q 


cs/?, -- = — sn^, 

P 02/ /) * 


• sn^, 


^ = lon0. 
dy p 


dx p 

CeB derni^roB formules nous donnent enfia 

ap _ aQ ap _ aQ 


( 12 ) 


(18) 


a® dy’ dy a®* 

Lea relations (18) ofc I'on se aomme conditions do Gauohy.Biomann. 
Les formules (12) donnent de mdmo 

1Q_.L9_ = 0 9P 9Q + 9P 9Q - Q 
a»’aj/ a®‘av ’ a® ’a® dy' dy 


(U) 



On Bait que pour tout eyetirae de fonotions P et Q veriflant leg 
conditions de O.-E., la oonlinuitd das dorivdes du premier ordre 
entraine I'existence et la continuity dosdyrivdes d'un ordre queloon que, 
Maintenont en difidrentiont la premiere des relatiouB (18) par 
rapport K ®, la secondo par rapport ii y et on ajoutant lea deux 
relations obtonues, on aura 


AP 


2P , a®p 

0*2 Qyi " 


(16) 


On trouve de m6me 



L 0 fl fonctions P eb Q eatisfont ainsi h P^quatiou de la forme 


AU = 


8 2 U 


a»u 

Qy^ 


= 0 . 


( 17 ) 


On appelle fonobioa U (cc* y), qui aabisfaifc h Tdquation (17), foncMon 
harmoniquQ ou aussi fonclamentale (H* Bouasse* Oours do maiW- 
mabiques g^n^rales, 1927). 


Gonditions de BoUra'ini^Bernstein ei dq'nation de 
Laplaoe stcr la surface, 

Pi^enona lea relabions ( 8 ) et ( 9 ), o'esb-Ji-dire 




(18) 


A M. + ) + 0 => 0. . (10) 

0a; dx [ dx dy dy Qx I dy dy 


Lee conditions (18) efc (19) donnent la possibility de ramenor 
PyquaUon ( 1 ) h ja form^ canpnique ( 10 ), si I'on infcroduit deux 
nouveUes variables ^ efc i; Ma place de a; eb j/ dans l*^quation propoaie. 
Getfce canonisation est ainsi ^quivalente h la representation conform e 
d'une surface S sur un plan. L'expression du carry de pyiyment 
d^aro Bur cette surface sera 

ds^ Cdx^-!2'BMy-}-AdyK ( 20 ) 

Bn ryaolvant les Equations (18) et (19) par rapport h et , 


on tire euooessivement 
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If 


-2b(b-|^ + 0-Ji 

\ 0a; 01/ 


A|i +b|^ 


dx 




= A(|-l 1 H- 2B #i'4^ -l-cf 9'' 


da; 


0 a: Q y 


a.'/ 


x(a|-'' .,.b |-1 

\ 8a' 01/ 


En simplifiant oetto 6galiW, il viont 

/|i.) {A0-B«) « (a 

y0i/ J ^ \ 0a' Oy 


d’oti 

Eb par suite 


ae = , 

dy ^ VAO~li« 


afi aa; dy 

0® VAO-B* 


(l>) 


Of) 


(21) 


(22) 


Los relations (21) ot (22) on pout nppuHor nondilions do /JnHramh 
Bsmstein, Oes ooudibions sont In gdurirnliention du syst^mo (IB), 
L’expression ^ + 11 / peub dtro oonsiddrdo com mo u no (onotion du point 
(a;, iy) Bur la surtaoo S. 

La condition d’intdgcabillW do In diltdrontiollo tofcalo do in (onotion 

^ de doux varlablos a; ot y, ii savoir ^ , nous donoarn 

d'l'Oy 01/0® 

I’dquation ohorobde 


Pj -hB §iL. 


da; 


BT 


0® I v'SC - 'B^ 


d y r -VAO”-'!)* 


m 0, 


( 20 ) 


6 



L^6quation (28) est aur la aiii?faoe S Tanalogue de/V^quabion de 
l aplace sur le plan, Cette Equation on peut appeler V6g[U(ition de 
Belira^ni^Bernstoin. Analoguemenb nous aurions icrit T^quation 
Beoonde de Beltrami- Bornetein pour la fonotion 

II cab faoilo de voifque i 'Equation de BDraatein et oello de Beltrami 
Pont on essence identiquea, A oob offofc il ne sufl^t que decompater 
ces Equations et lea deux Cortnos quadrabiquos binairoa. 

II eat int^ressanb ausei de remarquer queies relations (14) fiont loa 
oas parti ou 11 era des relations (19) (B Picard, Traitd d’ Analyse, b* Hu 
p, 8-9, 1905, S. Bernsbein, La Th&ao, on russe, L*4fcude ot I'inb^gra- 
tion dos dquat^ne anx d^rivdes parti elles du type eUiptique, pp, 
118-115,1908).' 

MquO'tion tenBorielle de Laplace ^ 

Difmiions. Bolt un veoteur da dans I’espace euolidien h n dimon- 
Bions a la forme suivante 

da « d(»^ = (24) 

< ^ . 

ob 6( ete^ ^onb Te^pQoiive^mBXii n vecteuTS fondavioniaux lindairement 
jndipendants dans ohaque syst^me, 

En prenant mainbenank leproduib soalalre d^un veoteur de par lui* 


m6nie on obtient 


de^ 

« S Sik daj'd®* ~ S 

i k (k 

(2fi) 

oh 

^ 9 ki ^ 

(26) 

et 

■:g^ ^ ^ s=s 

(27) 

Be plus, on a 

- 


ofi le syrribole 

(28). 

(1 pour r «= «, 

(0 r t «. 

:(20> 


Aux grandeurs on donne parfois le nom de tenseurs 

fondamentaux; esb le tenseur covariant et ^est le ’tensenr 
oontre-uarfant. Lea grandeurs gi ebg* sent les cornposants de deux 
tenseurs Bymitriqnea et (Tj)*"!, 1^ savoir 

T, (80), • ' -1I?'V^I|. 


(81) 
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Dans cea formulos au liou de symbole II II pour la signification de 
la matricQ on peut aussi employer le symbole ( ). ^ . 

Bn appelant g lo determinant dee f/fjt efc le mineur de g relatif 
au terme g on obtiendra Jes relations suivantes 

i7=|!7<*l (32), -(33) 


Qg . 
g r'Qoi^ ' 

ioi g = 

(v eat le volume du pai’alldldpipkle coordonn^). 


(34) 

(35) 


Bnfin on dorira encore une formule, sayoir 




■ (86) 

oil 

V = 

i OXi 

(87) 


Si lea axes ooordonndea sent reotangulairos, le Laplaoien est 

1?^. , (88) 

1 ) 


oar 


,ik 


pour i-h, 

O) i^k. 

Extrdinds dea intdgTolea douhlea. 

On oheroho le maximum efc is minimum de I’int^grale double 


I 



!?(«, y, u, « 4 ,. Wy) dxdy, 


(380 


dteudue iv un domaino ddtermind D. Dans la formule (88), S' nst up,e 
foiiobion dounde, continuo ainsi quo sos deriv^os parfcielles dea divers ordees 
ek w est une fonoUon de dbux variables ind^pond'anbes x,y. Enfin 
los grandeurs u»ot«y sent respeojiiyement les d4uiv^es prises par 
rapporb i as Ob y. Soib encore 8«=0 sur le bord du doraaine D. En 
vortu de no^s conditions, nous aurons \ 



ou ausai 


81 


-ff. 


u8w+xf-?“+y 


8 a; 


Qy 


dxdy^ 


(40) 


on poeant, pour abr^gei\ 

6 F 


T T 91 ^ ^ y 


8 F 

d«D 


= y. 


Intigi'oaii par parties sous 1© sigpe d’iaWgrabion etobservttufc queSu 
s'nnmilo por hypothiso sur 1© bord du domain© D, on obtiondra 


SI 




^ -M. 

dx dy 


dxily. 


( 4 : 1 ) 


Ooinme la variation Su est arbitrair© dans tout 1© domains d’intdgra- 
tion, on trouvora de la relation (41) I’dquation d’Bulor, savoir 


U- P-|I=: 0 . 

Dec Qy 


(42) 


L'4quation (42) on peut dorire d’uno telle faqon 




(4B) 


L’expreaaioa [l?]u on peufc appoler, selon Hilbert, “ la d4riv4e (3e la 
variation. (v a riatiousabloitung), savoir de F par rapport t\n. Oette 
d4riv(Se joue le tuAtne r6le dans lo oaloul des variations quo la ddrivdo 
ordinaire dans la bhiorie des maxima et des minima. 

Transformation (h variables. Si Ton pose maintenant 

^ ^ »/)i V - y($, ||), (r) 

on trouvera 


F(®. !/, «, u„, «y) =3 €> (^, if, «, u^), 


8 a d^dr/ ; 

if 


(8) 

(t) 

(44) 
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d’oil il suit 




0 ^’ ’/) 
0 (;c, y) 




m) 


oar 




ct de plus on suppose quo le ohiimp (l*iat(ignitiou soib invftriablot 

La formuie (4/5) jouo uu r^lo important dans la question de la 
transformation de ynnables, 

Tramjormaiion do Voxpreadion An, Soit 


et 


On a 


1 Ui*= 

oil 

I! ost aiaiS do voir quo 


02! 0 a! 

0^1 


9>/ d}/_ 

9^1 ' 9^0 


“1* 


(«) 

V = ^a)- 

(uO 

^ « 2i » 

t A* 

(«) 

dy Qy 
9^/ 0C*- ' 


(to) 

ffii t/ia 


(®) 

l/ai i/ea 

* 


II n'oaii pas dilRoilo do caloulor auasi I'oxproHBlon u% -i n'*,,. 33n olToti 



«( M*, { « 
'* \ 

« 9'* 1 
' 95 J‘ 

(y) 

oil 

j7<* « Ml, 
r 8x 8x 01 / 

95., 

W 

dy ' 

ot 

k 

> 

(*') 


toi le symbole a le boqs pr(!ibddeuli, 



Or 


_ Jo 


Par consdquettli la relatiion (46) nous donuera 




-Att = 


2 Vj 7 


It jf** «j«jk 

u 


On eii conolura 


-Au 


Au = 


2 Vsf 
1 


]. 


2V3 

.,■ 1 

9^2 


r _ 

V'j7 (2gfH wi+2gii%a) 

( 2 sf 2 >n, + 23 *^*« 2 ) 


Au == 


1 9 


vr 8 ^, L 1 


Vff S {/'*«* 




Vj 9^2 


(A) 

(B) 

(46) 


Va. 

Ji; 




>,/g «* 


(47) 


Cette demi&re fomnile peut s’dcrire sommairement d’une tello mani^re 


_ 1 9 


Au == 


V 9 $ , 




(48) 


Tel eat l^opir^teur de Laplace oheroW, 

Par suite P^quation de Laplao© tensorielle a la forme suivanto 

A« = V’F ?'*«*] = 0. (40) 

Exemples. 1, Goordondea oarUai'ermes. On a 

da^ = d«^ + dy^‘, |fiO) 
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o'est-Ji-dire, 

{/n = 1. </22 = 1. J7ia = 0. = 1. 

<;22 = 1, ^12 _ 0, p = 1. 

Par suite, I’dquation (49) prendre la forme 

0*2 Qyi °- 

Soionfc maintenent 

a: ~ a,®! +/S]a: 2 . 1 / = * 2 * 1 +^.a» 2 . ■ 

le« forniules de transformation. Soient en .outre dans cos formules 
flosa = aj, osno =5 ttg, 6c8{a + 5) = /Sj, bsnfo + y s'/Jg. ■ 

Et puis 


(61) 


tga *= _i2_ tg(o + ^) «= 

“1 , Pi 


II est fadile de voir que 


tg t «= , 


et 


!08^ = + 


qyffi -t-aoilSz 


^ Si I’on pose, pour abrdger, 

c2 = oi/Si + tta/^Si 

on obtiendra 

ds® = a2d®? + b®d®§ + 2o2di»id®3. 
vEn vertu de la formule (O') .nous avons auasi 
o2 ts obost 

' Les tenseurs fondamontaux on noire eas seronfc telles 

P22 = (/12 = !721 = 0® ■= 

b2 


r(0) 

(CO 

(D) 

(62) 

(B) 


0 


1 1 


9 


gli = gi\ 


oil 


1 

9 

9ii 9ii 
9il ‘?88 ' 


„22 _ 1 

o' 

OBj 


ab ' Bu’^i ’ 

aab^-aVoB®? = a2b»Bn»{;. 


Par oonsdquant la relation (49) prendra la forme 


An = 


_ 2c® — 

8®? d®i0a8 


+ d' 


, 9 

dxl 


- 0 , 


ou fioatemeni 


Alt 5= 


1 ' 




1 8% 2ca^ d^u , 1 

ii A o *” ’""IT”"" cs ' 1 . Q 




0, 


a‘^ 8®5 ah dx^dxQ 9tc§ 

2, Goofdon6ei polairet* On sait que 

ds^ =5 + 

On a aucoeBBivement 

?u 1) O 22 ^ 9\2 ^ g — ; 

gU^I&X„l, flaa=£n_= 1 pi» = 0. 
D’apt^s formule (49) nous pouvons dorire 


A- = 4_-|- 

Vfii S’" 

+ J:- 9 

WW 


>Jg ^ 


vfU If + 


0. 


En Tertu des relations (Q) nous aurons 


A« 


ou aussi 


L_L rliL 


+-i 


Au = A!i‘. + 


. a 

( ia« ) _ 

■ 

V'9W 

aii 

, 1 a®w 

0r 



0, 

= 0 . 


Tolle est liquation do Laplace en ooordonn^es polaires. 

La rdsolution de Vdquaiion de Laplaoe, 
Consid^ronB Piquation (15), 

0% QH . 


Soient 


*1 = mx+ny, yi - m^x+n^y. 
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II esfc facile d’obkenir 




f n 

m 


6®tt _ 






De tik on voik quo la nouvelle dquafcion Goaserveraifc la m6me forme 
que la premiSra, si Ton poaaib 

= wf-i-n? = 1, wm,+imi =» 0. (I) 

Or on peufc aussi poser 

w*^+n® s= mf+nf =>,0 , (J) 

on prenanfc, par exemplo, m^-wi ^ li « = n| = — i. (J') 

Bn 00 oas i’iSquation de Laplooe transformie prendra la forme 

( 68 ) 


» 0 . 

0iBi Qyi 


On en oonoluk 
Par suite 


9 _ 8 I Qu 


0. 


9 It 
0a'i 




w = J /(i<!i)da!i-i-l''a(?h)< 

Et enfln 

It = Fi(£(!i) + F2(j/,) = Ti(x+iy)+'P^{x-iy), 
La mdthode symboliquo. On a l'6quotion 

8^« , A 9*2 A ..9*2 . ^ n. 

■ 79 '*■ ^ Fi ji 


i-.O 


(69) 

(K) 


9'a!* ■ QxQy * oj/* 

dSOS laquelle nouB BUpposone Aj, Aj ocib^kaats, i , ;; X1 

Oette Equation, oomme on salt, on peufc repr^Ben^ar B^tAiibliij'# 

inoofc, Ssavoir ' • 

(D8 4- A ,DD , + Aabf) 2 = 0. (KO 

Ba d^composanfc la premiSre partio de l'6galit6 (K')» on -obtijjndtja 

(D-miDO (D^fSaDO 2 = 0, . ■: ■ .(W) 

ofi mj et Wj sent les raolnes de I’^quafclon oaraot^risfciqpe, . a-.-:. 

irt® + Aj4h + Aa => 0. , • (^) 


6 



S, P. Slip^Gyi^NOFF 


On a, par exemple, 

■ '■ ,, (D-WtD') » “ O, ih = 1, 2).^^ 

Bn poBanti’ pour abri^ger, w.*D^==A, bn peut ficrire 
^ . •; (D-X)«=A 

d’oii nous trouTons 

• ■■' ■ „ • --AKri ' ■ 

(5 = 0 O. 


(M) 

(M/) 

(N) 


Soit maintenant 0 =s5i(j;), alora 

. . a . 

► " jaCO 

Uiy) = ,e Uiy) = (^^0 

En eflet 

f(x+h) = (i + ftD,» + + •••) /(<«)= 0 (0) 


II est faoile de veil? quo 

f{y+hx) = 6^^'^^f{y). (P) 

Ainai TinWgrale g^u^rale de (K) prend la forme 

* “ ti(j/+”h®)+U0/+w2®)* • (Q) 

Prenons de nbuveau r^quatidn 



(D2 + D'2)»-:S^'0. • 

(60) 

On a 

• 



Done, par exemplei 

,:: (D'H- iD)«^=A0,; .'ou : fl+ip ==« Q; .; 

.(es ^qu&fciona 


, ..... 

, 


dx „ dy „ dz 



. i . '.,1 • o - . f, ■■ 


4^0^iieirtK)U\567 • ' 

■ \\ » fa Oi, : X^yi.= Ob. v 






Par suite riuWg’rile g^nSr ale de (60) prendrala iorna® 
(til = /i(*“j/»h+,/8(»*i-y{ji.' ‘ 



ftQtiATJON DB lJAPLAO%;PAllf8| Ii’l5SPAO:Bl A-. DBOX DIMENSIONS l^S ? 


Oonsid^rous ©n0ri lo 

cns des raciues ^gales* On a r^quation 

sym- 

bolique 




(D-hmD0% = 0, . . 


Poaona 

(D + mD')a = it. 

'(E)' 

Dono 

(Dh- wD')m =0, 

(S) 

11 suit do 

u — i{y-mx). 

_ (T) 

Par consequent. 

(D + mD')/!i = f{y -m«), 

(TOi 

ou 

p+mq = f{y—inx). 

(T") 

Le syatSme des Equations oanouiques ost 



1 II) f{y—mx) ’ 


d’o6 on trouve 

y-iuiv = Cj, g-xf{y—nix) = Ojj. 

Par suits I'intdgralo gCn^rulo da I’dquation (61) ueru 

n <== fx{y‘^inx)-\-xf{y-im). (X) 


(H. Courant u. D. Hilbert, Method, der mafchem. Pliyaili. I, 1924. 
E, Madelung, Die mafchom. Hilfsmittel des Physik., 1025. A, 
Eoraybh, Lehrbuch dor Difforeatialgleioh., 1809. H. Piaggio, An 
elementary treatiso on diSormt. oquat., trad,, en ruaae, 1083. H, 
Malet, Expos4 414ment. du oalaul vootoriol, 1027), 


L*6quaUon biharmoniqw. 


En ooncluBion du present avtiole coneiddrons onooro une Equation 
qui joue un r61e important dans la thdorlo d’^Iastioitd, Oette dqna* 
tion a la iormo suivanto 


AA« = 


8 '^u 


+ 2 




« 0 . 


(62) 


L’dquation dernliro on peut doriro encore symboliquement d'uno 
telle maniiro 


(D^ + OD^D/a + D'-t)!!:® (D»+D' 8 )*«:« 0 . 


( 68 ) 



16^' • ■ ■ ■ S. P. SLbUQOTNOtfif 

L'^qufition. (62) ou (68) on appelle ordinairemenb \*dquation bihar- 
»iomg«6etBon resolution on so dit la fonotion biharmonique. lUest 
aise de r&oudro rSquation propoBde. 33a offet I'dquation caraoteristique 
(in® + l)® = 0 a les raoines vii—nt 2 = i, »ig=in^— —i. Par copae- 
quent I’integrale generals de notro equation a la forme Buivanto 

«=./j(®+j/i) + i/ /g(a!+yi) + /8(®“J/') + t//4(®“3i')' (6^) 

' La notion hannoniquB ou fondamontalc on pout generalise!' qnobro 
pjusloin. 

En effet on peut formw lea equations suivantoa 
(DS+D'®)®!/ = 0, (D®-I'D'*)'^« ■= 0> ot°' 

Ces equations on peut rdaoudre au moyen do notre methode 
syrpbolique' 

Univeubitk de Peem, 

U. S. S.E, 
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On SoMii SiMPjiH Distiubdtions Oir Stress In Three; 

Dimensions 


8. Ghosh 

1. The equotions of equilibrium of an isotropic ekslio solid 
under no body forces, when referred to polar oci-ordinateB, are* 


(\ + 2,x)siiid-|^ - 2;a 








wheret 






2w. => _4— (mAsinO) 
" rsin^ I 8^1 8r ' 




«r* being the displaoompnta in polar coordinates at the 


point r, 0 , 


» Iiove, 'Ebebiry el ElMtiolty (4lh eddi 141. 
f Xjove, Ip#. «(l., 66. i >' 
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AsBuming u,M to be inversely proporUonal to r, Miohell* 

has obtained the solutions of the equations (l)i and has utilised them 
for the determination of the distribution of stress in a cone subjected 
to the action of a force at the vertex. In the present paper» I have 
obtained certain solutions of the equations (1)» on the assumption 
that the displacement is inversely proportional to r^, and with the 
help of these solutions, I have determined the distri* 
bution of stress in a cone to which a couple is applied at the 
vertex. 


2. We know that the radial components of the displacement and 
rotation and the dilatation satisfy the equationst 


aA 


/AV®(’’^*r) + (A + /A)r--^'--2/[iA - 0, 


V^A=0, V^(ro),.) - 0. . 


Let u6 now assume that 

Fi(«) 1^2 W* ■ ' 

fr-> 

where Fj, Fj, Fj are fuaotiona of 0 alone. 
From (2), (8) and (6), we get 


IMS) 


where . 


A - ja , 2., - ia 


F(e)8in^ = (Fa sin 0), 


f{6)6m. 0 


e 


(Fg Bin 0). 


Now, sincso 


we must have 


BO that 


00 .'*» 
V®(rw,.) - 0 




.= 0, 


/(0) A'Pi(/*0 + B'Qi{/*0, 


(4) 


(S) 


( 6 ) 


(7) 
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whore Pj and Qi are Legendre’s funotiona of degree 1, of the first 
and the second kinds respectively, and ix> oos 0, 

But as • 

we have on putting /a' — cos 

f{0) A'con‘6> + B'{cob ^ log cot 1}, 

/a 

and if wo want only those integrals which are regulor on the axis d=0, 
we take B' = 0, so that 

f(6) « A' cos O. r (8) 


Substituting in the second equation of (7), and integrating, we find 

Fgsiu d s= —JA' COB® 6+0'. '• 

Now since and therefore are regular on the axis 0 = 0, we 

must take C' = iJA', so that 

Fs =. JA'sin 6, (9) 

To find Fg, we observe that. A satisfies the second equation 
of (4), and as 


A - ijF(6),- 

we must have» it wo consider only tho aolatiou ' regular on tho 
axis ^ — 0, 

where is Legendre's function of the first kind of degree 2. 

Substituting this value of F(tf) in the first e,quation of (7), and 
intergrating we fi^d 

Fa sin 0 ^ -i Aoos^d -P JAoos 0 -f-O, - 


and since F^ is regular on the axis d » 0, we take 0 — 0, so that 

Fg «= JAsin^coB^, , * :.(1Q) 


To determine Fi» we substitute the value of from (5), in tlie 
first equation of (4)j which becomes after substitution of the value of 
A and simplification, ; 


1 a 

sin 0 QO 


sin 0 


dF^ 


F(6), 

. 


(U) 



^4x0 s. aflote 

ftfid M P{0) &atiBfle6 the equation, 

/ \ 

,aF 


_1_ 9.,( 

sin 8 ^ ' 


sin. I 


80 


+ 6P «0, 


we see that a paftloular integral of (11) is 

Fi(0) = - P(0). ^ 

' To this, we must add the solution of the oqiiation 


sin 0 60 


sin 0 


dFi 

00 


0 , 


which is 


Fi = D log tan ^ + B. 


Hence, ii we take Fi(0) to be regular on the axis 0—0, we have 


^ F(d) + E 

O IX 

= - Aqob^O + B', 

ifi. 


( 12 ) 


where E' ifl a new ooastant, 
Therefore^we have 


« AcOB^^^ + S' L 


# alii 9 ooe 6i 




A' 






(18) 




"■ • Now\ aa the solution (18) la obtained from (4) and aa some soUi* 
tlhfas of (4) oorrespond with that require body forooB for their 

^aWtenanoe,* therefore, we pauet verify that the solution (18) 
.aotpai^ 

Calculating A, , wo, from (2), (8) and (18) and aubatitutlng 
in (1), we find that the equations (1) are identioally satisfied. 

fc Mipheil, troo. Bond. Math, Soo^, 8& (XflOd), 
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8. Let US assume 

^F,{6], Fb(0), nt = (14) 


OOB I 

r» 


where l?i. Fj, F^ are functions of 0 alone. Tlren wo have from (2) 
and (8), 

(Ifi) 


where 


A=-S^F(«, 2 »,-^J/W), 


F(0) sin 6 « -^-(Fa ain 6) + Ffl, 


f{$) sin 0 


9 

do 


(Pa sin 0 ) + P9. 


(16) 


Now from (4) and (16) ■ wo get 


V® 


OOB <l> 


m 


0, 


«^m 


e. 0. 


The solutions of those equations regular on tho axis 0 « 0, are 
respeobively. . 

FW - A PI (/V ), m « B P\ (/xO, 

where /i' » oos 6 and ?1, P^ are assooiated Logondro'a functions of 

the first kind o£ order 1 and dogrooa 1 and 2 respootivoly* They are 
given by 

1 it 

PJ (ji.') = (l~/r'®) » (l—/i'®) w Bin Oi 


PJ W '=’ 8/i' (1 -/a'®)’ « 8 sintf oos^. 

Hence 

P (^) =» 9 A sinfl qob 6, /(<!) , » B sin 0 , 

On substitution from (17) , tho equations (16) booomo 


1 


(17) 


6 


a 


(Pg sin ^) + Pa =s 8Asin®<l oos 0, 


^(Pfl sih O) + Pg » Bsln’^. 


( 18 ) 
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The elimination of P'j between these two equations gives 

[ “‘“'’-I. 

== (B-A) (cob (W) 

. . , Comparing this with the equation satisfied by (cos $) f the 
equation 

s'b' T? ^ It)’*' (®” ^ 

it is obvious that a particular integral of (19) is 

Bin ^ « - KB -A) pi (cos fl)=* - 4(B'-A)Bin 6 cosf?. 

To this we must add the solution of 

sin^-^p sin ^ - Fssin 0 « 0, 

0& o & 

or (Fg sin - Fg sin< «« 0, 

where i=3 I — log tan 

J sm ^ 2 

The solution is 

Fgsin^ G 0* + H 

ts Q tan Hoot 

Omitting the term in H, sinoe we are seeking only those solutions 
regular the rxIb we get as a solution of (19), 

FaBm^'=» ^ KB-A) sin ^ 008 ^ + G tan 
BO that Pj * — 4 (B-A)co 8^ + iG-seo? -^. (21) 

i “ 

The second equation of (18), then giveB 

Fg =« J;(B-A) + A.8in?fl— i Q seo^ 


( 22 ) 
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'To obtain Fi, WO aubsUtute fvom (14) and (16) in tho lirofc equation 
of (4) and we hove .. 


1 a 


fsin^ 9 V -ll- = -®i±^ F ( 6 ), (30) 

Eemembering that F satiaflea tho equation (20), wo have as a 
particular integral of (23), 

p « _ ?^^F(0) 

(jfX 

i « - AainO 009 <?, 

2/a 

on substitution from (17). 

To this we must odd tho solution of 


1 9 / • o 0^1 I ■ _J-1 

^ am 0 - -:xri 


• Bin 0 QO 


Q0 


Bin*' 0 


which is regular on the axia 0 .•=> 0, and this aoluUon lias ulreody 


been found to bo tan 


Hence 


F, o. - A Bind oosd + V tna~i 

*. 2/« 2 


(34) 


Therefore we have 


~ 5^+^ 0 OOP 0 Ptan-~ 

2/< 2 


«, «■ 1 0+A sin* d.- iGseo^^ 


ooa^ 

-TT”' 


[' 


a r?^' 


008 d + JQsOO^' 


2 


sin 0 ^ 


(36}' 


1 

where! 0 is put for 4(B-~ A). 

Oaloulating A, u,., u> , m 
equotlon (1), we 6nd that they' are- identioaUy satiaflod, if G «« F, 




Oaloulating A, w,., w , from (26) and . subatituting in tho 



m s, gnpaH 

jii Ij;i ppl^F 00 , -ordinates, the cojnponente of strain ere given by^ 


A 

„ 9«.' 

— A A A 

= 1 , .+ 



r 

dr 

1 ^$6 

r 8(9 



5 

^ 1 

6tt <p 

+ not d 

+ 


. A<p 

^99 

r sin 0 

60 

J wUU 1/ 

r 


» 

s ^ 

= if- 

du<p 

*1 /J ^ a, . 

1 

Biiff 

6p 


Q6 

’ rsin<> 

00 


^ 

6u,, 

. + _ , 

t(0 


0r 

r sin 

~6 80 


1“’ 




- Jil 

. + 1 8«.' 




8r 

T 

r 0^ ■ 




( 26 ) 


Further^ we have the stress-strain relations 

n w AA + % » AA •t* 2/x e^0, 

. . AA + 2/* « , = M, «f<, 




^r- 


(37) 


Thfl direoiioQ'OO sines of tie directions of r, 0, <f> are respeofcivoly 

(siu^ oogf , sin^ sin^i ops$)i (ppsd ppB0, pps^ sin^, — 8in^)i 

(- sin0, ooB(k, 0}. 

NoWi it we take the body to be aoone bounded by and if 

N, be the components of the resultant ti^aotion across 
the portion of a small sphere r, ijounded by the oope, the centre 
ol the sphere being at the vertex of the cone, we have 

^ ^ ^ 6in 0). r? ain^iddp,, ^ 

Y - sin? sin 0+:f|'. oqsft sin0^+^ 0O60)r^ainddSd0( J. (28a) 


■Z - jjj( oostf - 1? siD0 )r> BinM5d0, 


J 



M = Jj* 0 ^. 


WSl'BIBtJTIONS OF STRESS. IN, THBBB DIMENSIONS 
—rO, j'sin^ rf ooatp.roos $)r^ s\a$d6d<jt, 


tlB: 


)’COB0 — )‘08in^.rco8 $)r^ smOdOdij), 


rif, r aiiK?. i'® 


{2e&) 


the limits of $ being 0 and a and those of </>, 0 ond Sjt. 

6. Let UB now consider the aolutioR (18), Substituting in (26), 
we get 

= -1- I A COB® e - 2E' 'f, 


$rr ^ 


2 j« 




fl.. = 


^|- i^A. 00 B®d + E' ^ iA|, 


- A cos®^ + E'L 






8 _A gjp^ jjoa^. 


Hence 


rr 


2iJ^ r 


( oa+iom 


r® I 2 


A oo8®d - AA - 4/«B' 


!■ 


$0 = _ j Aoos®d - J (A+2/a) A + 2/xE' 


1 

r« 


n 

an 0 ) 


- •^/i*Aoo8®d - JAA + 2fiE' K 


0 ixh! 
2 r' 


r().es ^sind ooad. 


,( 29 ) 



IIR i-: "s. flfioSfl v: 

If ttie boundary of the cone be free from . traotions, : . .... - 

(rO = Tb = ^ =s 0, when ^ « a, 

which gives A = 0, B' = 0. . / • 

Putting A = 0, E' « 0, in (29) and then eubstituting in (28a) 
and (281)),, we get 


’X = Y = Z = L « M = 0, 

N = - irjnA'(l - oosa)(l - 008 a + siii®o). 
so that A' is determined when N is given. 
Therefore 


t 


(80) 


0 , = 0 , «^ = 


A' sinfl 
2r3 ’ 


( 81 ) 


where A' is given by .the last equation of (80), solves the problem of 
a oone subjected to the action of a couple N at the vertex, about the 
axis of the oone. ' 


In this case 


n’=»0, $6 = 0,- ^ >* 6, •“ 

rO 2 = 0, 53 0, rs — sm 


0» Let. us next oonsider the solution (26) ^ Substituting in (26), 
we get 

e A sin 6 cos 5-2P tan 

rr I ju 2 

|V o' • • , ■■)■ . . • • u ^ 

•’w i’ ^ 

V •“'i) iT- 




I 
i 
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A ooa 0 + 30 COB 0-(^p + |a) 8eo2~||!^, 


.|-80-|A-?^^ A ooB 20 + (iP + §G) b0o8|- 


Hence 


rr w* j (9A. + 10/x)Asintfoos^“-4/jtPfcan ^ i 


60 — /iK —ABin^ooe^ + f 2P --GBeo^ ^ ) tan — (• 


2 I. 2 r 


-SAsin^ 008 ^ 4-^2P + GBeo® tan 


»/x j -Asinfl-f Obgo^ 




Te - ^30--|A ^ §A^Aoob 2^ + (iP*f §Q) Beo8 5^’ , 

If the surface, of tho cone be free from tractions, we have, 
when 0 ^ a, 

rO ^ 69 » [9<p saO, 

Hence, remembering that Q « P, wo get 

'-80-|A-§^i^Acoa2a + 2p86(5Sl « 0, 

2fx 2 


-Asinaoosa + Pi 2 boo 1 tan^ « 0, 


-ABina + Pseo®-| tan « 0, 



(32) 


from which vf e gei 


Q = P»2Aoo8*^, 

A 

0 = COB 2a+-^ cos^ I j A, 

flo that al! the constants aro expressed in terms ot A, 


To oaloulate the resultant traction noross a spherioal Boofcion r o£ 
the cone, we substitute in (28a) and (286) and find 

X = Y Z =:= L = N « 0, 

Ms= - 7 rA(l-oOfla)^[ 2 {A(l + COBa)+^(l + ^COS“a)}(l'hOOS a) • ( 88 ) 

+ (A 4 * I/a) 008 ^ a], 

which determines A when M is known, 

Therefore (26) with (82) and (88) solves the problem of a cone sub- 
jected to a couple at the vertex about an axis perpendicular to the 
axis of the cone. 

7, If we put ^ we pass from a cone to an infinite solid 
bounded by a plane, 

When the axis of the couple is normal to the plane boundary, 

Uf » 0, w. ^. 0, u =K ^ 


rr 


4r r» ’ 


whew N IB the magnitude of the couple applied. 

This solution ban vety easily be Identified* with the Bolullon due to 
a oenbte of rotation at the origin about the axis of z. 


* Lot«, Jcfl, ««r, 



DISTUIBUTIONS OF STRESS IN THREE DIMBNSIONB 

When the axis of the couple lies in the piano boundary, 


u s= 
!• 


2/i ^ 2 


A 008 0 


=! 


2/Ji 2 


2/ii 2 


A Q Q8 ^ 

A ain 


where 


A - 


M 


27^(A^'/I) ’ 

M being the magnitude of the couple applied. 


DBPAnTMBNT OF AFPMRD MATHEMATrOfl, 
UwiYBnSlXT OoLLnoK OF SoiBNOn AND TtWnKOUXJT, 
OAIiOUTTA. 
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A PROPOS D’uN MBMOIRR DU REOEISTTF, G-ANKfiH PrASAD 

Oe m^iraoire porto Jo litre ** Failure of Lebesgue's criterion** qui fait 
allusion au orit^re do sommabilitd, g(in4ralisation do celui de Fojdr, 
que j*ai donn^, 

Le litre du m<Smoire incite h penser que j*ai commis une 

crreur ; o*est oo qu*a oru tout naturellemenb M. lo Br. S. 0. 
Bagohi quand il (iorivaib eon bel article: Id memoriam, Dr* GanOsh 
Prasad, (ce Bulletin, Vol, XXVII, Nos. 1, 2, 1935). En fait, jo 
au Bujet du oritire on question, commis aucune erreur ot n’oi done 
pas eu t reconuattr© mon erreur, 

Quo faisait le Dr. Prnsnd dans son article? II dtudfoit, oveo sou 
talent ordinaire,* la sommabilitci do certaines series do Fourier, 
sommabiliU quQ n*aurait pu revdler mon critire. Mais ceoi u^ost 
pas une * ‘failure** du orittro. Moi-m6me , dis lo ddbut, j*avaia 
siguaM des caa do sommabiliti quo n*aurait pu rdvdler mon oritferc. 
Oo orittro a fcoujours 6U donnd par moi oomme Buflisant, ob nonoomtne 
u^oessoire. 

Paroeque une odrie peub 6tre oonvergento sans quo lo rapport 
H!L±i ftii une Jimite infdrieuro h un, parle4-0D do la ‘‘failuro** du entire 

de D*Alomibert quL affirm© la convorgonce quand ~ . t . l a une llralte 
jnfdrieuro i un ? 

Jo proflte de I* occasion do oette reotiflcatlon pour m* osaooier 
aux regrets qu *a oausda la mort du Dr, Qanosh Prasad ct pour diro 
toute la bauto osblino on laquelle j*ai toujours benu votro savant 
surpabrlole, et h cause de ses travaux et h cause do son action offloaco 
pour la ordation d'un centre actif do reoherches mathdcnatlques 
aux Indes, 


DuBBaoux, 



A Correction 

In MemoHam 

Pr, Ganosh Prasad) ^ i 

In tha obituary pn Ganesh Prasad, there is an unfortunate, over- 
sight pointed out to me by Professor Lebesgue. I have stated that: 
“ there was an oversight which was debeoied by' Prasad and' when' 
communicated to Lebesgue hiaiself, the latter owned his mistake.’*' 
As a matter of fact. Prof. Lebesgue has committed no mistake,* 
as he points out in a note, published in this issue, I regret this 
statement and withdraw- it,, with apologies to Prof. Lebesgue., 

8, 0. Bapopt. 
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oil SohlIfli’s generalization op Napier's 
Pentagbamma Mibipiogm 

By 

H. S. M. COXETBB. 

In 1614 , Napier showed that any right-angled sphorfdHl ttiahglh 
can be regarded as belonging to a cycle of five triangles with olosely 
related dementa.* U fact, if the giten 
fengled at 0, and Wa wtlfce 

Vo ^ A, vi = Iff- a, vg t= 0, vg = In' — h, V4 a B; 

.then the tfemaihing triangles are bbtiiinoa by dydic Belmiltfttiofi df 
the suffix numbers 0, 1, 2, 6, 4. 

If any five oollihear lioints are aenetbd by Xo. X^, 

On this order), the semi-oiroleis on didffiefcots XjXg, XjjX^, XoX|, 
A1A4, AoXa mtorseot to forth a ourfilhieor /yebth^dfl to llfj 
tyhoae angles dte the values of 2vo. 2vi j 2,^2. 2t'j, 2v^ fdif gc/ttS tight- 
angled spherical triangle. (This remarkable theorem is due’ te Dr. 
G. r. Bennett, who will publish it in greater detail elsewUe'.) If 
we make Xo and X4 ooinoide at inHnltyy we are left with the semi- 
olrole on X1X3 and the perpendicular line at Xj, This diagram 
onn be regarded as representing a piano right-angled triangle of sidefl 

(XlXi) , (XgXs)^, (XiXa)i. (See Fig. 1 .) Of e6l!ifB6( In tlHs 

B . 





/^iA 



Jig. f; 

Slopie'ri 1'. 


Xa 


Xa 
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simplest case the diagram is more complicated than the figure 
itself ; the important point is that, when the right-angled triangle is 
replaced by an analogous figure in Euclidean or non-BuoHdean space of 
any number of dimensions^ the diagram remains in the Euclidean plane. 

In 1906, Wythoff extended Napier^s result to spherical space of 
three diqiensiona, considering a “doable-rectangular” tetrahedron,* 
Such a tetrahedron is bounded by four right-angled triangles. It baa 
six dihedral angles, of which three are right ; twelve face-angles, of 
which four are right and two are equal to dihedral angles ; and six 
edges — 8 + 6-f 6 = 15 ” elements,” imall, If we name these fifteen 

elements vqi, in d special order,** and make the 

convention 

then any formula connecliDg them remains true when we increase 
(or diminish) all suffixes by 1 (mod 6) and at the same time transpose 
the two suffixes of each v, 

■it is natural to put these ideas together in the following manner, 
•The aemi-oiroles whose diameters are determined by six oollinear 
points Xq, X^, , Xg, intersect in just fifteen ways ; we find that 

the fifteen angles so determined are the values of 2voi, 2vo2» 
for some aphor leal tetrahedron, !?.</.» Svoi is the angle between 
the semi-circles whose diameters are Xg X^.X^Xg, 

The analogous simplex in spherical space of m— 1 dimens'oiis has 

’ ( ^4 ^ ) elements, which may bo denoted by 

. [v Biu] ( 0^ r < 8 < t ^ m + 1), 

If tn + 2 oollinear points are called Xq, Xi, then 2 [rstn] 

is’^ the angle between the semi-oiroles whose ■ diameters aroX,.Xj*, 
Another way of stating the same result ‘is that the squared 
trigonometrio functions of [rata] are the cross-ratios of the four 
points Xy, X,, X;, X„. Thus] a simplex (of this special kind), in 
spherical or elliptic space of any number of dimensions, is represented 
on projective space of one dimension. By varying the order in which 
the X-B are numbered, \V6 obtain an analogous representation for 
suold a simplex in any non-Buolldenn space. 

♦ Wjtholf, 1* ’ 

** Namely, * - 

«1« =* J'lB* «83 *** m* 

M* ” ^ f'th 

^ Vm (A rii^dhy permutation of 1904 \i <, u). 
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1 . Dr, BennoWa repreaeniation oj the Peniagramma Mmyictiw ' 

. by Jive coJlinear, or coney olio pointer, 

Let ABO be a spherical triangle, right-angled at 0* The Ponia- 
gmihiiia Mirifiou^n* a Qyole at five great oiroles': those containing 
the-eidea a, o, t of the triangle, and the polar oirolos of the vertices 
B, A. In one order of arrangement, every oonsooutivo pair of 
oirojea are orthogonal ; in another, ovory non*conBeoutiyo pair are 
orthogonal. We prefer the latter order ; the consecutive oircloa then 
form a pentagon in which each aide lies in the polar oiroie of the 
opposite vertex. 

The angles between pairs of these five great circles are the same 
as the angles between the planes in which they lie, and these will 
hot be altered it we shift two of tho planes (by translation) b6 * as to 
destroy the concurrence. We are thus led to ooiisidor a cycle of 
five planes Ot It 3, 4 (in ordinary space), such that the pairs 02 f 24f 
4i, 13 f 80 are each perpendicular. Any four of these planes, say 
Of If 2t'^f form a tetrahedron of the land that Wythofif calls (Joublo^ 
reoianguldr, (See Fig. ii.) If Aq, Aj, Ag, Ag are the vertices 
opposite to theJacGB 0 , J(, 2^ 5, it Is clear that tho edges AqAi/ AiAg, 
AgAsi are all perpendicular. In other words, the four faces A 1 A 3 A 5 , 
AqA^A^, AqAi A 3 , AoAjAg are plane right-angled triangles.. 

Let Xq, Xi, Xg, X 3 be four points in any straight line, so arranged 
that :XoXi - (AoAi)*-^, 

Then (by Pythagoras) we shall also have 
XqX^ » (A()A 2 )^, XqX 3 « (A^jAq)^, X;^X 3 e=> (A^Aj)®, 

'■ Following Sohoute and Wythoff, we use the following notation 
tf 6 r the angles of a tetrahedron: is the dihedral angl^ at the 

edge opposite to A,. A I (f. e,t tho angle between the planes r, ' 8 }| :ah;d 
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Olearly,. 

“02 “08 “ “13 “ “ ^18 ~ ^20 ~ •'^21 *“ 

'Jp; 4»3 ^ WOOop,(AiA8/Ao,A2) ==? flfO coB(3^i:^a/'3fpX3),^,, 

‘iBS '='4i,o =; “W cp8(A^As^/AiA,) = pro Q 0 p(Xi?a/X;iX 3 )^ , 
It tain is a pormutabion ot 0 12 8, such that r < < ^, then 
= =-, aroco8 (XyXJXr?;,)|^ , 


A ./ « — i A ^„, 

'fProw*i9i to. bo oploulptpd i 9 . ?ii j. 

%8ptoi OSiitli- peptro Aft. t^p fappp I, 2, 8 cut o^fc p wgl?.t.ppgled 

mh tt\«t 

A = 033, B =5 a^3, a <= Apj, 0 = Aqj, i> = /log, 

^ 5 W?•^PP 8 ,§lyJ, rigl^fc/.pnglpd spheripali tripnglQ ABC OOP bp 
os p^ tribpdf^slP^^^O (Ap, A®0), apd wp Qbfcpip tho, fovutib, Ippp 
. 9 ^^? AoAiAaAs. by tplslngiafi prbitrpry. pliono poi;pepd.i" 

S'AIW'HAoA*. W oboyp, <pwwulpp shpw that, 

COB 4 <f ops op8 = AiAa/AiAj 

(AiAs/AoAil (AoAi/AiAa) =,tajj, 4 o 8 oot'Aoa 

» tpp (1^ oofc, p, 

(I'Phis ip, otOD.urso, on* ot Napier's rules ; but thorp, ia. a oortain 
aPtis^BoMpii. iA deduoing. It p6, initio, y luterohangiog. 4 ood jK> 
mUftye. 

COB B = tan a oot d = tan Aoj-oot Aq^ = (AsAs/AoAa) {AoAi/AiAa) 
= ApAi.AgAg , 

AoAgtAjAg * 


ifl., 



B= B s= aro ops 


/ XnXyXaXa 
^ XoXa.XiXs 



^^^ua theiBi;*: or^BSi-ratioB of the points Xo, Xj, Xs, Xj are 

OOB® B, Bin® B,. aeo® B, ooBao® B, — ten® B, ~oot®B, 

r This repreBenbation booomea more symmetrloal if we let X^. denote 
the point at inaidty inthedlne-of ti^X's, and then perform a projeo* 
tlon or inversion, so as ^tb rnoke^^ aoooBBible without pitering 
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cro89-raMf>B, 


where 


We now have 


4 


[1 

2 

8 


a 

= 4oi ■?= 

[0 

2 

a 

4], 


== Apjj — 

[0 

1 

8 

4]. 

1 ^ 

“ ^‘08 ~ 

[0 

1 

2 

4], 

i B 

= 012 = 

[0 

1 

2 

8], 


[r 8 t m] 


X,X<.X,X„ } ’ 


X(,, Xi, X2, Xs, X^ being five oollinear points. Still more symmetri- 
cally, restoring the fifth plane 4 (perpendicular to AqA's), wo have 


A = 023 = [1 2 8 4], 

JjT - a = 034 t= [2 8 4 0], 

0 = 040 = [8 4 0 1], 

JjT - 6 “ Ooi = [4 0 1 2], 

B - 012 = [0 1 2 B], 


(This is Napier’s oyole of angles.) 

We next deduce a representation in the Euclidean plane. We 

draw semi-ciroles on X0X2, XqX,, X^X^, XjX*, X^X^ os diame- 

ters, and observe that the semi-oiroles on X^X^ and X|X, 
(r < 8 < f <; tt) meet at angle 2 [rsfwj. (This becomes obvious when 
wo transform one of the oiroles into a straight line by inversion, 
about one of the points. See Fig. i.) Thus the five "eloments" of a 
right-angled spherical triangle are halves of the angles between pairs 
of five Buoh semi-oiroles. (See ffig. (ji. Fig. il shows the same with 
X4 at infinity.) 



Fig. iii, 


rlas . a. S» M. doxtefia , . ’r 

Finally, after Inversion with respeotto a general circle in the plane, 
we have a perfectly symmetrical representation for the angles between 
the five planes 0 , 1, 8, 4,' as halves of the apgles between five 

circles orthogonal to on& oirdle, as in Fig. iv.' (1’2) continues to hold, 

if means the okord joining X^to X,. phe sign of sueh a 

chord agrees with one of the arcs joining th0>ame two points, namely, 
that one which avoids a Certain ‘‘barrier: point, f arbitrarily assigned 
ones for all. (With this convention, Ptolemy’s , Theorem takes the 
ay mmetrioal form . : ^ , ,v 

XoXi.XaXs+XoXa.XaXi+XoXs.XjXa - 0.) 



Oonversely, any sab of five conoyolio or collinear points represents 
a definite Pentagramma Mirtfioum. We merely have to invert about 
any one of the points, so that the rest become oollinoar points 
XotXjrXa, Xj (with X* at infinity), and then draw (in HuoHdean 
space) three mutually perpendicular lines AqA^, AjAg, A^Ag, of 

lengths (XoXi)^ , (XiX^)^ , (X^Xj)^, Tha Pentagramma Mlrifi- 

oitm is out out by five concurrent planes ! Four parallel to AiAjAg, 
AgAgAg, AgAiAg, Ag A 1 A 9 , Bpd oDe perpendioular to AgAg. 
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2.^ The general oHJioaoheme* 

Consider now the general simplex AqA^ A„j in Buolidean or 
non^Buolidean m-apace. Following Sohoufce,* we write A,(A;j)A^ 
for the angle the triangle A,A;,A^ t A^(ApA3)A^ for the angle 

of the tetrahedron AjA;,A5A, , and, analogously, A^(A;,.,,Aj)A^ 
for the dihedral angle of the simplex Aj A;, ... A^A^ opposite to its 
edge AjA; , i.0,, for the angle between the spaces A^A^, Ag, 
Ap.,, A^A^, (When the symbol involves aK the A*fl, this is a dihe- 
dral angle of the whole simplex.) There will bo no loss of generality 
in supposing that a < t, 

The tn-dimensional analogue of the right-angled triangle and of the 
double-rectangular tetrahedron is what Sclihlfli calls an ortho eohemet'^^^ 
a simplex in which the in edges AqA^, AiA^j, ... are all 

perpendicular. This means that the n—spaoe AqAj,.,A„ is absolutely 
perpendicular to the (m - n)-flpaoe ... A„, (for all values of n 

from 1 to m — 1 ). It follows that the face ** of any number of 

dimensions, namely, 

... Aj (0 ^ p < ... < g ^ w)» 
is itself an orfcbosoheme. 

The dihedral angle A,(AoAi ... A^^^A,.,.! A<„lA,.^.J An,)A/ 

is a right angle whenever 8<f - 1. For, by doflnition, it is the 
angle between the primes ... 

AqAi ... ... A,„, AqAj ... A .4. A,,*, 

If 8 < n < these are perpendicular, since they contain respeotively 
the absolutely perpondioular spaces 

V i i 1 ’ , ' : 

AqAj A til AtjAfi + i ... A„|*^ . : 

By restricting consideration to the orthosohemo A , A;, A^A^ it 
follows that , , 

(2*1) ; A,(A;,../A,)A, -iTT 

'i^henovor any 0} the numbers p, , q lie beiween s and 

We proceed to prove that every angle A, (A ^ A^)A^ is equal to 

one in which the parentheses contain at moat two Let ub 

‘ * S<^oute,'l,‘J968j ; ,• .• v 

*•* BoWiai, 1, 8<i0 } 2, 
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suppose that q and r are either the two least or the^two greatest of the 
numbers a, p, ... » aid ijhat in former daso r < g {< a) and 

an the Ihtfcer r >] g (>i). Then* since A*.A^ is perpendicular to 

A|A^’ i.. A^A^i 

Ai(A*c^u*A4Ay)Aj « Aj(A;,i*, AJA^* 

Bepeafced application of this formula givofl the desired result. In faot, 
if p ia the greaUai of those suffixea tokioh are less than s, and q is iho 
Umt of those whioh are greater than f, toe have 

(2*^) Aj(A^ ... A^)Ay » A|(ApAg)A^ {p ^ 8 <C, i <C. 5t)4 

Moreover, if all of p, , q are less than s (or greater than t)^ and p 
■ is the greatest (least) of them, we have 

(2^8) A j (A^ A ^)A; *= A*(Ap)A^ (p 6 ^ f dr s <i[ f ^ p). 

8. ^he topresentaiion hy tn + 2 ooUinedr or 
oonoyotto poinfs, 

We consider in more detail the ease when the nt-spaoe is 
Euclidean, so that any three vertices of the orthosoheme belong to a 
plane right-angled triangle (with its right-angle at the vertex whose 

suffix is intermediate). LetXo,Xi X„, bem + 1 points in any 

fitr sight' line, so arranged that 

XqXi « (AqAx)^, ^1^2 ^ (AiAg)^^ **. , != 


Then (by Pythagoras) wd shall have 
(8^1)= . . ^ 

for all values of f (0 ^ s <C f ^ w). Our previous work on the 
double-reotangular tetrahedron shows that 


(8-2) 


A,(ApA^)A* = arc coal 


tXXt, 


= [psifl] 

(p <» -<* < g). 

tud that 

f J == arc 0 <>a(XpX,/XpX,)^ sa [p 8 i w + 1] 

where X«+ ; ia the point at *ljffiWlky ifi the line of the X'a, Theee 
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formulao remain valid when we transform the X’b by an inversion so 
ns io render X„n.j accessible. 

By drawing a sphere around Ao, wo derive an (iH-l)-diinon8ionul 
spherical orthosohemo Bi ... B#,, whose vertex B;; lies on AgA,). 
(It 18 an orthoschome, since it has the same arrangement of right 
angles as ... A,,,). Conversely, any (m -l)-dJmenBional spherical 
orthoschemo can be regarded as being cut out by nt primes through 
a point A(, in Euclidean m-spaee, and wo can oompleto the Euclidean 
orfchosohetne by taking an arbitrary plane perpendicular to AoBj. 
The edges and angles of the spherical orthosoheme ... B»i arc thus 
given by the formulae 


(0'3) 


B^B < => [0 8 t TO + 1] 
Bj(B/,)B, = [p 8 f w-t- 1] 
B,(B,)B, « [0 8 t g] 
B«(B,,B9)B, = [p stq] 


(s < t). 

(p <8 <f), 
(«<f<g). 

(p <8 <t< a), 


and are halves of the angles between pairs of semi-oirolos determined 
by tho in + 2 oollinenr points Xq, X^, ... , Xm+j, 

fn particular, the dihedral angles (other than those whfoh are 
necosaarily right angles) are : 


Bi (Bs ... B„,) Ba « Bj (B 3 ) Ba =[0128], 
Ba (B 1 B 4 ... B„,) Bg = Bg (BiB,) Bg = [1 2 34], 


®»i-2 (Bj .1, B,„_gBni) Bm-l = B,»_2 (Bjn^gB,,,) Bm-.^ 

= [w — S to~ 2 in — 1 m], 

Bmi-i (Bj^ ,,, B„i_ 2) B,„ = B,i,_]^ (Bni— a) B„i 

=1 [in— 2 w — 1 m in + l]. 

These lead, by oyolio permutation ol the numbers 0, .1 rn + 1, 

to three further angles : 

[in - 1 in m + 1 0] = Jir - [0 ~ 1 in in - 1 - 1] 

~ Jit — Bn,_]^B,M, 

■ [in w + 1 0 1] = [0 1 m in + 1] =: Bj B„„ 

[in + 1 0 1 2] = Jx - [0 1 2 in + 1] « iff Bj Bj. 

S 
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Thpgo w + 2 angles can; be desoribod symmetric ally as the acute 
angles between cyclically oonBecutive pairs of w + 2 prime^ 1,,.* ♦ 
WrW j;'l,.O_{of.th 0 sph^^ (m — l)-spac0), namely, of the w hound- 
ing primes of the orthosohame, the abaolute polar of B«,, and tho 
pbftojqtp- polar of Bx. Clearly, all nomconBeoutivo pairs of these 
2 primes are perpendicular, and any consecutive sot of m bound 
prtL^qschpme. SchleiOi considered such a cycle of w + 2 primes 
in^ thp case when m = 2n^,. and his remarks are equally valid when 
tir is odclv When m ^ 8, this is, of course, the Pciitagramma Minficum 
itself. When m » 4, it is Wythoff's cycle of six great spheres,** 

The m 4- 2 primes in spherical (m - l)«space can be interpreted 
asm + 2 concurrent primes in Euclidean w-spaco. The angles will 
nob be affected by shifting two of these primes so as to destroy tho 
concurrence; and then the removal of any one of tho primes leads to a 
BuoUdean orthoBoheme, whoso longest edge is perpendicular lo tho 
removed prime. In order to make tho representation porteotly 
symmetrical^ we 'perform an arbitrary inversion, transforming the 
line of the X*a into a circle, Our results may now be summariKed 
as follows : 


I/ra oj/cfc p/ w-h2 pWmcs (m jBiioKdaan m-apaca) Im th6fY0]}Grty 
ihai all no7i'Gon8€cuiho pairs are 'perpondiGtilart ihon iho angles hct: 
toecn oonscGuiive pairs arc halves of the angles beiivce^i consecutive 
arcs ' ■ ‘ • 


X Y Y YYYYY Y Y YV 

m+1 A lt AO’^21 AaA4,..., I* 


orthogonal to one circle. Every, angnlar pro.pprfy of tho Enolidoan 
orthoschemo derived by orniWng any one of the prhnoat or of the 
apftcWoal ortlioscheme derived by omiUing any two consecutive pTimes^ 
occura as'half the angle between oertain arcs X,X^, X;,X, (8<p<g<£), 
Conversely, given any set of m4-2 points on a circle, we can oonstruct 
a corresponding cycle of + 2 primes as follows: we invert about 

one of the poiabsrso as to obtain m + 1 oollinear points Xq, Xx,,,., 
and then draw {in Euclidean m-apaoe) vi mutually perpendicular 
lines • ^ - 

AqAj, AxA 2, ... , A„,^xA„„ 


*♦ Schiam, z,69. 

** Wytboff, Ip 53^. His reflultg coacoralng tte volumes ojf tho ortboschoinos I, 
II, w., , VI tad dlreMy Boon give (8, 68) (for the goneral evoa vtiluoa 

_ ..r f: , •. , ' ... . ,,, ... . ; 
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of lengths , ' v 

then m + 1 of the primes are determined by seta of w of the m + 1 A*b, 
and the last is any prime perpeodioular to A^Am, 

4. The U86 of symbols (5, f), : , 

stick that {r, s) [t, u) -h (r, t) (w, a) Hh (r, u) (a, i) = 0/ 

We now give an alternative treatment^ to roplaoe § 3. We define 
[rstu] to mean Ai (A,A„)A^ (u^th) qv A^^AJA^ (w==m + l), 
derive an expression for it which includes (1*2) as a particular ease. 

In the four dimensional orthoacliemo A^AiA^A^A^., consider the 
bounding pi'imes .2, 9, 3, 1,0., AeA^A^A^^, AqA^AqA^, AqA^A^A^, ‘ 
These pass through the edge AqA.^, and form a trihedral anglp in 
any prime perpendicular to AqA.^, This trihedral angle) when regarded 
as a spherical triangle, has the sides 

^ = [0 2 8 4]j 

b = Ai(AoA.^)A^ =[012 4], 

' 0 ^ Ai(AqA 4 )Aij « [0 1 8 *4], * 

and the angles ' ' - r’l 

A « A2(AoAiA4)A3 = A2(AiA4)A3 = [1 2 8 4], 

B «Ai(AoA3AJA2 « Ai(AoA 3)A2 = [0 12 8], ,j ^ 

0 = Aj(AqA2A4)A3 == Jtt, 

- 7/1 

Hence, by the woU-known formulae for the eldee of o epherioel 
triangle in terms of its angles, ’ 

OOB [0 2 8 4] ss ooseo [012 8] oos [12 8 4], 

COB [0 12 4] = 008 [012 8] ooseo [1 2 8 4], 

cos [0 1 8 4] = oot [01 2 8] cot [1 2 8 4], < 

Since any five vertices of an w-dimensional orthosohemo* form a 
four-dimensional orthoschemo, it foliows that 

( 008 [r f M w] = ooseo [r e t «] oos [s f « w] ' 

oos [r 8 f u] = COB [r a t w] ooaeo [s f u u] ► ,(r<^8<;f <;w<t>). 

008 [r 8 « u] => cot [r 8 t u] cot [a f « vj j w ij?!' 

* It is Still immaterial wbotlior we coa elder tlio BucHdoau orthoaoheipe. 
or the spherical ortliosohome Tn Urn lottor caao, oiir form uino lie/, 

edges as well us the angles. 
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These formulae enable us to express any angle [r s f n] in terms of 
others having a smaller value for u—r, and so ultimately in terms of 
the dihedral angles 

[0 12 8], [1 2 0 4] 

We observe that they are identioally satisfied in terms of symbols 
(s, i), such that 

(4'2) (t, s) + (a, t) = 0, 

(4*8)*- (r, s) (t, «) + (r, t) {u, s) + (r, v) (a, t) = 0, 


{4-4) 


COB® [rat u] = 


(r, a) (t, v) 
(r, t) (a, It) ’ 


sin® [rat it] 


(r, u) (a, i) 

{•>', t) («, It) 


By making the restriction 

(f, «) + (u, a) + (a, t) - 0, 

we oould write 


(a, t) — Xf a?!, 


and so deduce (1 •2). For our present purposes, however, wo prefer 
the alternative restriction 


(4‘6) 


(a, 8 + 1) = 1, 


which enables us to express (a, f) as a determinant involving only 
symbols 

{0, 2), (1, 8), ... . (w-1, w + l); 

namely, 


{a, 8 + 2) 1 0 ... 0 

1 (s + 1. 8 + 8) 1 ... 0 


the 


(4-6) («. t) = 


(a«-2). 


0 ... 1 (i-8, i~l) 1 

0 ... 0 1 {f-2, t) 


• Aotuftlly, <4i*5i) impUofl (4,2)» For, by putting in (d'O), wd 

deduce 

(iP, «)^0r 

A gain » putting und tlien .r^t and ami iitlding tlie 

resuHS) ’ • • > 

|(e,*> + (8,t)P- 0 . 
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This is easily proved by induction, since 

(sj) = (a,i^2). 

By (4*4) and (4*6), 

sec2[012R] := (0,2) (1,8), 
seo^ [12B4] - (1,3) (2,4), 


I sec® [m — 2 w-1 in tn+1] =* (rn— 2, m) (m-1, in + l), 

Tliup> if we are given the dihedral nngles of bhe orthos cheme, wo can 
choose oiie ol the numbers 


(0, 2), (1,8), (2, 4) (ni-1, m + 1) 

arbitrarily, and deduce definite values for the rest. By (4*0), 
these determine all the numbers (jj, t)* Thus, ultimately, (4'4) 
expresBes any angle of the general orthoschemo in terms of its 
dihedral angles, 


6* Euclidean and hyporbolic space. 

On comparing Fig, i with Fig, iii, wo see that tho diagram tor a 
[)lano triangle eon bo derived from that for a sphorioal triangle by 
making Xq and X^. recede to infinity in opposite directions,. Since the 
representation is invariant under inversion, there is nothing special 
about the point at infinity; the esBential fact is that Xq and 
X^ have moved into eoiacidenco* Wo proceed to generalize this 
result by proving the following theorem : 

The diagram for a Euolidcan orihoaohemo can he dorived from 
the diagram for a spherical or^J^os<^7^0'nl<? (of the aaino ?ivinbcr of 
dimemions) by inahing coinoidc with Xq, 

In the diagram for a spherical orbhosoheme, lot gradually 
approach Xq, while all tbo other X*s (including Xq) remain fixed. 
Then all the angles [r s t u] (r< s< £< li) remain finite, except those 
which involve both Xq and X„,.,. j, namely, [o a i + 1], which tend 
to zero. But these are just the edges of the orthoschemo. The 
diagram therefore represents a spherical orthoachemo whoso edges 
tend to zero while its angles remain finite. Tho limiting figure is, 
of course, a Euclidean orthoBohemo, 
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B.g,, in points evenly spaced along a line, with the point at 
infinity counted twice, represent the Euclidean orthosolieme whose 
vertices are the points (r=l, 2,..., m), Befleotiona in 

the bounding primes of this orfchoacheme generate the group 
[4, 4], which is the complete ay name try -group of lattice points 

in in — l dimensions. The same diagrailn with the point at infinity 
counted only once, represents a spherical ortboBcheme which is the 
fundamental region for 4] the complete ay nime try -group 

of the (m — l)-dimen9ional Cartesian frame. By omitting the point 
at infinity altogether, we obtain a diagram for the fundamental region 
for [8*'*”^], the symmetric group of degree — 1. 

Let us now continue the above process, by allowing 
into the interval between and The seml-ciroles on X^X,. 

XaX„,4.i (8<^) longer meet in a real point ; in fact, 




< 0. 


sin^[o « im + l] „ _ ^ 

whence [oaf m-hl] is a hyporbolio anglo. Now tho formulae (B'fl) 
are essentially a parametric statement of the kigonomotrioal relations 
between the edges and angles of a simplex in spherical or olliptioal 
space; and we know that such relations remain valid in hyperbolic 
space* Hence if, as in the present case, the formulae lead to pure- 
imaginary values for the edges of the simplex, while its angles remain 
teal, we can be sure that we are dealing with a simplex in hyperbolic 


spiace. . 

In term^ ht the symbols (s, i), tho epAce is spherical (or elliptic) if 
(a, i) IB positi'PG wheftevor s<f, but it becomes Euolidecin or hyper- 
holi o when (o, m + 1) is zero or negative, respeotivoly* In the hy per* 
bolio case, the pui’e-imaginary edge [oai^H-hl] is intimately 
associated with a certain real angle, namely, tho Qudormannian 


(S'i) ' jd'([t> H i ^ am 600(006 [(^ $ t 



s= arc sec 


(0, A) (t, m + l) 

(0, t) {s, m+1) j 


= [0 1 8 1U + 13 
== [m + l 8 f 0]. 


2^'X0$, Tha trigoiiortiotry of this orlhusoliQiiro wub inveeti- 
gated by flohoute (1, eapeoially When m ** 6, 
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Tho points X which represent a hyperbolic orfchoeohema arc ip 
natural (cyclic) order, save that Xq comes immodiately before X^a+j:, 
Hence, we derive an associated apberioal (or ellipWo) orthosoheme 
by iuterohanging the names of those two points. Bvopy edge is 
replaced by the corresponding Gudormannian, each of the aDgles 

[0 8tu], [sHim + l] (o <5 <n.<; w+l) 

is replaced l)y the oomplement of the other, and the remaining angles 
(whose symbols involve neither 0 nor nn-l) are unaltered. This 
device enables us to deduce all the properties of the hyporbolio 
orfchosoheme from those of the more familiar spherical or those heme. 

When m=:3, for instance, we have Lobatsohewslcy^s formulae** 
(31)" (26), which may be regarded as formulae for a spherioal 
triangle with sides 

opposite to angles 

In-Bf In- At 

fl, Oenoralhcd Minhoioalitan spfioe* 

In the generalized Minkowskian space **^^’’*^ any m-|-n per* 

pend iou I ar linos consist of m spacodilco and n fcimodiko lines. In- 
perlioular, this must hold for the perpendicular edges 

•^0^1 » Awrvwir-l . 

of any orthofioheme. We can stjl| represent the orthoaohome by 
coll inoar points Xq, Xj, satisfying (81). For, if A, A, 

is all mo-liko line, wo simply make X^X^ negative, put X, bo 
the iefi, of X^. Oonversoly, given + l oollinoar pointa, numbered 
in any order, wo can oonslruot a curresponding orthosohemo in a space 
whose several dimensions are Bpaoe-lilco or time-like according to tho 
signs of tho segments 

XqXj^, Xj^X* 2* ... , X„j.|.^^J X,;,4. ,|» 

.f XiobutsoliGWalty, i. It is, perlinpa, inifpctimato. tHat Lobatsobowdky ubaiI 

to donole Hio complemcnl of tho Gmlormumikn of <i, instead of the a-udomauniaa* 
U9p\L .Mk choice of notstion is (louhtlos^ (JotftrmiiiQd |>y tlje faob tho 

^(traU$l~tingl6 of a. , 

This can ho Monti fiml with the^mnglo (y', «V, of Boroworvillo, 4, 
(Fig. 80). . . 

<Jo:f©fc9rMd Todd, 4. v. ■ ; 
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By varying the order in which the points are numbered, wo obtiaia 
(m+n+l)l orthoschemes with closely related properties. Of theso, 
one lies in Ihe Euclidean space and another (differing from it 

merely in having all lengths multiplied by /) in the Euclidean space 

As before, we introduce an extra prime perpendicular to AqA^j+w, ho 
as to obtain a cycle of + 2 primes, of which all non-conseoutive 

pairs are perpendicular. To derive a symmetrical representation, 
we let denote the point at infinity in the line of the X*s, and 

then invert this line into a circle. Bach pair of X's now doterraines 
two arcs, of which we select that which does not contain 
(Eor the mometit, we are nob concerned with arcs terminated by 
X„,.^tj+i.) Then, of the area 

^0^1 » XjX2, 

w are positive and n negative. It only remains to observe that tho 
same partition of w+n would be obtained by taking as ^‘barrier 
point'' X„, instead of X,„4 .m+x* considering the arcs 

The same diagram, with and specialized, can be 

regarded as representing the generalized hyperbolic* orthosohemo 
, which corresponds to tho (m + ti^)-hedral angle al tho 
vertex A of AoAi*,..A,;,+„, Any vertex B, lies in the real or ideal 
region of the generalized hyperbolic space according as the line A^-A, 
is time-like or spaoe-like, f.e., according as the point X, does or does 
not lie in the positive arc X,„+^,+iX0. 


7. Regular polytoped. 


Consider a regular polytope * * in Euclidean (or Minkowakian***) 
m-spaoc. Lot Aq be a vertex, Ai the mid-point of an edge containing 
this vertex, A2 the centre of a plane face containing this edge, ... and 
Aft, the centre of the whole polytope. Then, clearly, Aq Aj ...A,,, is 
an oi'bhoscheme****. The whole polytope can, in fact, bo divided 
into g such orbhosohemea, g being the order of the symmetry-group. 
The edges A jA^ of the orthoscheme are tho radn ***** of tho 
polyfcbpe ; Aq and A^„j are the oiroum^ and in- radii 


* By ifeneraUzed hyperhoJic space, we mean the non-BucIirloan (w-hn—1)* 

space whose mctiio is defined by an absolute quadric of signature 

i#* the r6ff«far SohWfii, 1, 879; 8, 108\ 4, See also 

Sohoute, 2, 161-fi62, 

♦ **0oxeter,8. * ♦ * » SchlSm, 2, ^ *" * ^'* * Ooxeicr, 1, 556, m 
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of ft f-dimenaional olemont. Since the prime A(,A| ... A,,,..^ 
bisects ft dihedral angle of the polytopo, this djhodrul nnglo ie oqiift] lo 

2 A,„_j{A() Aj ... A,„_i])Aot »=> 2Am— i(A,rt_jj) A,;,. 

If the poly tope has the SohUiili symbol* {ft,, ft^ the 

remaining dihedral angles of the orthosohomo (apart from right angles) 
are »* 


Ao (Aa) A, <=> ff/ft, , 

Aj (Aq Ag) Ag =S ff/fta , 

* « « fti t 

I A,„_g (A,„_g A,,,) A„,_J •=> . 

In oooordanoe with our roprosontation for aHuolideiui (orMiiikow- 

skian) orthoaohome, wo take m + 1 oolliucar pointa X,,'. X, X,„, 

such that 



(7’2) X, X, = ( ,11, )» , 


and draw Bemi-oirolos on X^X^, XjX,,. ... . X„,„aX„ . and vortical 
lines (f.o., perpendioulars to the lino of tlic X’h) at X, ami X,,,.., . 
Then the drat Bomi-oirole outs tlio Arab vortical lino at anglu tJir/ft,, 
the (p -l)th and pth aomi-oirohm out oaoh other at aiiglu ‘Jir/Zc^, aiii] 
the last semi- oirole outs the other vortical linu at an (uiglo cipml to t|,o 
dihedral angle of the polytopo. Furtlior, siuco tlio urniltml (i.a., voliinio. 
analoguo) of the orthosohoino is equal to A„A,.A,Aa ... A,„..i A„/m I, 
the content of the whole polytopo is ’ 


(7-8) 


9 => qI^i • ilta ••• . ff/nt ! 

« (XoX, . X, Xg... X«,„j X„,)^ (//in 1 . 


Conversely, given the ft's, wo ouu conalruot llm Hemi-olroloa 
BucoesBively. and deduce the radii, oto. Wo hogin |,y ocmatruotlng a 
right-angled triangle X,, Zi X,’ . with ‘ ^ 

Xq Xj =3 ( gltj )S BH ^ 


and 0 , s= 
Xo Zi Xj. 


irjhi. This dotorminos Y,, Ihooonlro of tho anmhaimlo 
We .then erect on X, X^ an isosooUm trinrjglo with tttiglo 


j » Weluve roplacoil BcliKfli’* round brAokols by ourly 
** TodJ, 1. (OurA's are his O’e.) 


ones, as In 0»*#Urr, I, m, 


9 
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2nlh^ ajb its apex With centre Tq and radius Tg X], sve draw an 
are to cpt this first semi-oirole in This detern^jnes Y^, the centre 
of the semi-oirole Xj^i^Xg. We then prect on ^ 2^8 
triangle with angle 2irflc^ at its apex T 3 ; and bo on. The examples 
shown Jn Fig* y * and Fig. vi e,QTresp.pn.d to the 3Ilu.olid§nn polyjippo 
{(5^ 3, 3} and the Minio^fshian {'Si 3, 4}> ^eapqctively, fn 

the latter case, X 4 lies to the loft of showing that all the rnddi 34 
are time-like. On the other hand» of the segments X^Xj, 

XgXj, X 3 X 4 ^, only the last is negative ; so the spape is * 




From the diagram for {fej, h^t we can deduce the 

diagram for the reciprocal polytope {hm^\\ \ by inverting 

(with suitable radius) about and letting Xi denote tl^p inverse oJE 

!* Here the pointB ^3 ^nd K 4 are too far away to Ijb sliowa, In faot^ XoX^ li 
about 56 times as long as X^X), , 
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The fundamGnfcal region for tho sym to otry- group ^ of Uiu polylopo 
is the spherical orthosohomo out oil from Aq Aj Am by a »i>huru 
drawn around A^. Wo previously dofihod the sphoriocil ortlioiHoJuuitu 
.M B^by drawing a sphere aroun l Aqi nnd rocouoilod tlui ropro- 
sGnfcatbn by calling the iioinfc nt infinity Xmh < In tlio proMCint naan, 
however, it is more appropriate to onll tho point ab inlliiity X*.p at) 
that the vortical line at Xj can bo rogivrded as tho laurii-airolu on 
Xj, By (4'7) and (7*1), we now havo 


iTi) 


Beo^ seo9 [^1 0 1 aj (--1, 1) (0, 2), 

Bco^ (Trlk^) = seo» [0128],^ (0, 2) (i. 0), 

«** •«* •«« ««« 

BBo® (»r/fe„i+i) “ aeo* [m-8 m~l m) 

<=> w— 1) (w— a, tii)» 


Hence, given Iho Ic's, wo con ohooeo uny ono of tho nuitiborit 

(-1, 1), {0, 2), (1, »), ... , («t-2, 111) 

talillrarily, and dotormino tho roet, wiiioh thou load, hy (d’O), to donnitn 
VBluee for («, f) (-1 8 ^ w).** 

The oir'ouniiradiuB of a f-dimouetonul olcrnout ie now given by 
(7‘6) (,R,)a a X,X, iX,X,/X,X, 

a [-10 1 llm iirIrMituO 

A„iX, , X,X, (—I, t) (0, ij 

= K-i; 1) (o, f}/(-i, f). 


Sonimorvlllo, 2, whora llil. ftt>harl<rKl M 

«aiKaO( C,^..0.. giftca oiir work In olowly rolnlo<Ho Bommervllla’g, w« Bin, tbs 
ooni^iidtbti of Aol(itidA i 

A*- m - It,, m [-1 p q q, « |;„J 0 1 8, ». [p».l ID p , 1 


(Pi fl) 



• We m AOBumlDg (i’if)* 
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Hence, by (4‘2), (4 '3) and (4’6), 
(7*6) (,E,)»=X,X,-X„X. 


= i (-1. 1) 


/ (q, t) _ (o, a) 

(- 1 , 8 ) 


X (- 1 , 1 ) («■<) 

^ (- 1 , «) (- 1,0 • 


In particular, 

whence, by (7*3), 

(7*7) 8 = (~^» ; 

.2” {-1, 1) (-1, 2)...(-l, m-i) (- 1, m)* 


We may note in passing, although proofs would occupy too much 
space, that the simple truncation* Zcg,. ...... has content 


Q 

2'" ml 


r«-l 


(r, r) (r,!)" * 

(n o) (r, ^ 


where the (r, r) in the numerator is intended to osnool (r, r) 
in the denominator. j,SiniiIarly, the intermediato trunoation ** 
{^ii has content 



^-1) ff-2, 0^+ (r, f) (i-1, f + 
->•1 (n-l) (n O) (r, l)...(r,m) 


(These results would ho horribly complicated if they were expressed 
directly in terms of the fc’s.) 


In conclusion, it is perhaps worthwhile to mention the simplest 
choice of values for the symbols (a, t) in the actual oases that arise 
hi considering anite, convex polytopes, (The star polytopes— four in 
three dimensions, and ten in fouiv-oan be treated similarly, ' Mmkows- 

kiampplytopes generally have anite radii, but always Inanite content, 
because pis in6nite.)' For the simplex a«„ 

* Coxeter, i,m, , 
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Fop the oposs>poljFtope 

(«, <) = — l)i {•»! w) =• 1 (•<m). 

For the measure-polytopa y„„ 

(-1, f)« l (t>:^l). 

For tlie 24-oell {3, 4, 8}, 

(,^e^2), («, 8) = 1 (8<0), {«, 4)=:*-|-2 {«8), 
For the 600-eelI {8, 8, 6}, writing o-oj (V6— 1), 

(», i) =f-« 

{-1. 4) = (r«, (0. 4) = 2(r*, (1, 4) « (2, 4) « 2o-». 

Finaliy, for tie 120-oell {6, 8, 8)-, 

{-1, 1) = 2<ra. (-1, 2) = (~1, 8) « 2o-^ {-1, 4) « cr«. 

In the lost oaae, for oxamplo,* 

(-3, 1) „ 14400 2o-» 

(-1, 2) (-1, 8) (-1, 4)^ V'Cjt^P"; <r« 

=.^V6<r-« » 
where f ca i(V6+i). 
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Stress Distribution in a Hbaty Circular Disc 
WITH ITS Plane Vertical by a Peg at the Centre 

By 

S. Ghosh. 


1. Iij tije present paper, a solution is given of the problem t»f 
the determination of the distribution of stress in a heavy uiroulttr 
disc, held jn a vertical plane, by a peg at the centre. The problem 
is considered as one of generalised plane stress and the atross function 
X introduce^, x is determined in two oases. In the first, the peg ia 
assumed to be rigidly fixed to the disc, so that it exerts thmslB on 
thp disc across the upper half of the common boundary and tension* 
across the lower half. In the second case, the peg is supposed to !i« 
only introduced in the circular hole, so that the peg exerts traufciuo* 
on the disc, only across the upper half of the common boundary. 

2. We consider the disc to be a circle of radua o, with a amall 
concentric circular hole of radius 6, which is alao the boundary of 
the peg. The origin is taken at the centre of the tliso, the axis of 
X, vertically upwards, and the axis of y, horizontal and in the plane 
of the disc. If we consider the disc to be in a stat® of genuralierd 
plane stress, the stress equations of equilibrium are 


^ ax, _ 
d* ay 


0 , 


ax 


da: 




where w is the weight of the disc per unit area. 


a <y 

.. -f-ffli 0 

8f 


CD 


These equations are ss^tisfied by 


X. 


dy^ 2 ’ 




so that 


X, + Y^ 


dft-dy 2 


v?x. 


i-j} 
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But X* + Y, = 2(X/+/i)A, 

where A' is the plane stress constant and is equal to 2A/x/(A + 2/i). 

The equations of equilibrium, in terms of the displacements, are 

(A' + /i) - w - 0, 

Qx 

from which we get Vi^ = 

so that X satisfies the equation vtx (B) 


If we transform to polar co-ordinates, with the origin as the pole 
and the axis of x as the initial line, the tractions given by (2), are 
equivalent to 


AO 


- e^x.i 

0r® 2 


wr CO&6, 


( 4 ) 


■Ji = ^ ) -ijnr sin^. 

0ryr dG I 2 

3k Let us assume that 

X = A{r$ sin 0— r logr cos $) + Br® cos^ + ^ oos^, (5) 

A' + ^jx r 

which obviously satisfies the equation (3). The terms sin^ and 
r logr 008 ^ give rise to many-valued displacements, and we adjust the 
co-efficients in such a way that the displacements become single- 
valued. 

With the value of x given by (5), the tractions (4) become 


rO 


r 2A' + 3/t 
|_ A' + 2/» ■ 

-^ + 2Br - 

T 

20 , 

cos^, 

[- »• 

^ + 2Br - 
T 

20 , 

sin^, 

[ A' + 2^.‘ 

_ 

— + 6 Bt + 

T ■ 

20 . 

^ -jM>r 

COB^. 






STBESS DIS^BIBtJTION 


The ridi of tho disc, feeing free from steess, we ba¥e 1 

rr=0, r$^0^ 

when r=*a. 

The peg exerts a vertically upward force on the diso^ e^aal td the 

weight of the disc, and we assume that the force is exerted by the 
surface tractions — 

^ rr = - p cosi9, ^=0, (81 

whenr=04 

Hence from (6), (7) and (8), we get - 

2A'-f3/x A . 20 1 

“P + Sa'-T + 2Ba - -_ + via - 0, 


+ 2Ba - ^ -Iwa = 0, 
2 


2A' + 3p 


+ 2/x 

’ a 

— M 

A 

k' + 2fx 

a 

2A'H-3/4 

A 

A' + 2^ 

'6 

_ 

A 


+ 2B6 - |J 


” I/Xo 4 + 2B?) - - i 

A' + 2jii 6 2 

Solving these equations, we find^that 

A=-iM>a2, B=--_JL__, ^ 


wb =* 0. 


f!=. 

4(A' + 2/4)‘a3 + 62' 


ix__ «;(t® ^ , 

■4(A' + 2/tt) "o^'+P 
w{a^~b^} 

p _ 


Theresultantforoeontheboundary r=6, ofthe disc, is, fertioally 

upwards and is equal to 

1 p cos 2(9. hdp = (ffhp 5= ;r(aa_5»j^^ 


and this is equal to the weight of the disc. 

4. It is to be noted from (8), that the traction across rmbf it a 
thrust on one half of the boundary, and a tension on the other half, 

BO that our assumption can only be valid> .if the peg is rigidly fixed 
to the disc-. If this is not the case, it is quite probable that the disc 
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is in contact with, the peg, only along the upper half of the circle 
r=b, so that the action of the peg on the disc, consists of thrusts, 
oiily on the upper half of the boundary r=:6. In this case, we replace 
the condition (8), by the following : 

^j,dWhenb;r:=&, 

= — p COS^, — I 


= 0 , ILce^rr, 

= 0, -TT ^ e^TT. 


Expanding this surface value of rr in a Fourier's series, we can 
write 

-ip CO. « +?p s (-!)■ I 

n’ ..TT mm 1 4w'^ — 1 IIA/ 

Te = 0, * , 

when r = b* 

We now assume 
X = AoT® + Bo" log r 

+ Ai(r 6 sin 6— ^ + cos ^ + ^ cos S 

+ As^rS^ + ^ + Oa^ra-^a cos 2me, (12) 
which is obviously a solution of (3). Substituting in (4), we have 

30 '• 

- S 2m(2w»-l)A r2«*-2+ 2m (2m + 1) Bg„ 

’It L' '■ ■ ' 

+ (2m - 2) (2m + 1) Camf ‘f cos 2m6i. 

Te = -.^^,il_+2Bir- ^■mmiwr sin 6 

A.' 4* 2/4 r fd ^ 

H- . S [ 2m(2m - 1 )A 3 ^ r2>"-2- 1^ -21 


V ^2i«(2m ;+ DOai, t gin gmS. 
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The conditions ( 7 ) and (11), then give 

2Ao+ ^0=0. 2Ao+ 

0 TT 

2A^ + t5/i A 2 20 1 ^ 

X' + 2p. * a' ~ “^1 = 0, 

.A.l_ 4. 22 7, 20 1 , 1 r 

A' + 2/x ‘ 6 +^^10- -pi- +4 M)& =-ip, 


1 -j-OR /» 1 r 

A'-)- 2 /t 6 -+ 2 Bi 6 - --^ == 0^ 


and for m ^ 1, 


2 m( 2 m 1 ) _ g) ( 2 ^ + 1 ) 


^ _(2m + 2)(2m -l)D„^ 


2m(27n 1) A^J) 2”-2 + -H^-^±|)®2,!L'+i ( 2 . 7 H - 2) (2m + 1) 


_(2m-t-2)(2m-l)D2„ _• / 

53™ — — 1|" 


2 p 

7 r( 4 m®-*l) 


2m (2m-l) A,. _ 2„ 


. 2 mX%»:^l)_Dj. ^ 

it 58 m 


2 m( 2 »i 1 ) Aa^ 27 n ( 2 mi, + 1 ) Ca„ 6 »* 


Solving these equations, we have 
“ 2 ff '(^ 2 - 65 ) ' ®o “ 




pa 2 6 » 


Ai = — 4 wa®, B, «> — two® , 

4 (A' + 2p) oa + ha + 
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„ _ p. wa^b'^ ._^w{a^-b*) 

^ 4 (X' + 2 p) ' a'^ + b^* ^* 6 

and for m ^ 1, 

4m (2m - 1) 62*, A^m = - (2m -r 1) a® - Qsm a-t”‘+ *, 

4m. (2m + l) a*”*^ 2 _ (2^ + 1) a®, 

2 (2m + 1) E2m Cfijn ” ^2»i* ^ (2m 1) E^m ^2 ’^* “ Qsihi 

where 

Pam = (- 1 )“. - 7 j?^,[( 2 m + l) (a 2 - 62 ) fc-sm.a 
TT ( 4 m ~ 1 ) 

— (^~4»i+2-.{,-4m+2J 

Qsm = (-1)“. 1, [(2m-l) (a2_b2) ^am+s 

TT ( 4 m ^ — 1 ) 

*' (^4>»+2 _54m+2) J)-2»i+2 j ^ 

F? (a"'^’«+2_{,-4»7i+2)^.(4^2_i) (^2-62)2^ 

The force exerted by the peg on the disc, is vertically upwards and 
is equal to 

7r/2 

p cos^^. bdB 5= ^nh'p = ir{a^ — b^)iu, 

- 7 tI 2 

mA ll^is ip equal tq the weight of the disc. 
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Some Polynomials analogous to Abel’s 
Polynomials 

By 

Maurice de Ddfpahkl. 


Abel has studied a class of interesting polynomials which are 
defined by 


and can be expressed through the confluent hypergeometrie function 
(i.e., Kummer function) by the formula 

Pn ix) = e* iFi (n + 1; 1; -x). 


These polynomials arise from the generating function. 


-hxHi-h) 

1-h 


oc 


n « 0 


h” P„ (x). 


We propose, in this paper, to study some new polynomials a 
generalization of Abel’s, connected with one of the confluent hyper- 
geometric functions of the third order. * 


I. 


We consider the following function 


s 



It is readily seen that P„ is a polynomial of degrw ‘Ja in r 

taining only terms of even degree. The first polynomials of the series 
are 

Po ■= 1. 

Pj la 1— 

Pg as l-ftx2 + 2ir*. 

Pa « l-0x>» + 8x*~i|*8, 
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In order to connect with the hypergeometric function, let ui 
take 


so that 


Qn 


P. 




dx*' 


nl 


(*" «-•), 


Qnt 


It is easy to find the difierential equation (of the third order) satis- 
fied by (which is not a polynomial). Let us take 


i = X e 

y 


,« /!-*3 


i!£-= 0 

dx” 


We have 


IS' = roa:"-i 6“®** -2*"+!' e"*® = !L 


so that xsi' = n«-2a:®», 

and by successive derivation, 

'xn'" + .(2-n + 2x2} giti ^ h- 4« = o. 

Now let us differentiate the first member of this equation n times 
with respect to X, remembering that 




dx 

d’^zi 

dx” 


w =2/> 


dx"+i 


= ‘tif 


r. 


and so on. We obtain for y the differential equation 

(2x^ + 2) y/' + i {n + 2) x7j' + 2 (n2-h3n-f2) y = 0. 
To reduce it to a known type, wte take 


u = — x^, 


and obtain 




d^y 


du'^ 




dy 


n^ + Sn + 2 


4 


y = 0. 
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Now, the equation 

a:V"-{a:-(y + 8 + l)} xy!i-{x (a + j8 + l)-y8} y'-afiy =0, 

IS satisfied by the confluent hypergeometric function of the third 
order, 

2^2 (a, y, S; jc) =: ^ 5 ^ 

(y, n) (S, n)* n\ * 

where the symbol (a, n) represents, as usual, the product 

a (a + 1) (a + 2) (a + n-1). 

So, by identification of the co-efficients, we have 

y = Qn («) = <3„ {X) = n! ^F^(±+1,V:^; i, ^ 

and we have the required value of P : 


P„ (X) = 6*"* 2 F 2 +1, n±l; 1, -a-sj. 

From this formula, we can deduce a general form for the poly- 
nomial P„. 

j 

It is known that if we consider two hypergeometric functions 
(of any order), 

(‘‘l. <l2> "• °'ri ^1, h^, ... 6,; x), 

p^<r "■ °‘p ' ^1' ^3’ l^g. 5~*1. 

their product can be put in the form 

00 M / ^ / 

S ~ 1? / „ 1 1 

n =:0 w) (b,, n) f+p + l'‘^a-)-cr -w, ... aj , ; 


Now, as 


1-ai-n, ... ... ; 1). 


we have 


= „Fo {x% 


. .. 00 f 

I +1,1 
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11. 


Lagrange's well-linown method will enable us to obtain for our 
pdlytiomial a generating funotion. It states that, if 


then 


u = 

30 




Here we have 


henoo 


or 


ff{x) « 0 {x) 

14 sal 

X 

a =- 


It we differ 6 |b.tiat )0 the two members of the above expansion with 
respect to a?, we have 

8 , (.), I 


or 


fl““ _ (a,« e-* ) 


Multiplying by , we have 


e*“. 00 

— * S lt"PH (*), 
n=0 


1-h 

«s(2-h)lt/(l-h)i 


or 


l-lt 


S ft" P» (*). 

n=:0 


Froni this generating funotion , we dan deduao, by a well-Iinowa 
process 'bf ddriyatibh with Vespeot to » ahd h, tbe recui-renoe fdrMla« 
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for P : such as 

{n + l)P„,i-(3n + l-a;a)P„ + (S»-lVP„-.i-(T^-l)P„.a = 0, 

P/„-2F„_i + F„_2 + 2®/2P„-.i-P»-2) = 0. 


Wo oan also obtain an addition fonmtla, as follows i let us write 

i - Sh'*P„(V«^“+f/®). 

l-^n n 

The first member is the produofc 


(l^h) Xh^^P,(v)i 

m p 


S0| by identifioatioDLi 


i’n (V®“ + J/“) *= S P,„(^)Pp(y) ” S Pm{<»)Pp(y). 

OT+f'-H-l 


m. 

Let us give now some integral properties. If wo write 

+ x 




I = 


~iBa{2-W(l-10“ 


1-^ 


daj, 


-00 

we have, putting 


a; s= u (1 — 

•hoo ' 

I = (Tit. 


But 


— oo 

+ » 

I = s Tt" j'o-"' V'' Pn (x) dx. 

-00 


( 1 ) 


( 2 ) 




m 


MAUmCB DB DTJFFAHBL 


Now, under the form (1), I oontains only the powera ofMrotn 
0 to p; BO, under the form (2), the same fact must ooouri and the terms 
ui ** are zero, BO that, ’ ■ * ’ : / v 


: +.0O, . 


j 


P„ (ic) dx = 0, 


< n). 


-30 


Thus we can write the orihogojial propetiy 


+ 00 


P (aj) (a;) dx = 0, 2m < n or 2ti > m, 

-00 


If 2m — n, we shall obtain without difficulty 


+ 00 

f- 


e-* • («) Pa,„ (x) dx = (-!)'« 

m I ' 


-oo 


Now, we know that if /,„ (a?) is a polynominal of order m such 


as 


+ 0C 

J (®).# - Q, (p < m), , 

-oo 


f„ is Hermita’s polynomial 




'''t 


Here we have a polynomial P„ of order 2n, with p<n: so that 
P„ is a sum of Hermite's polynomials, from U„ to Ug,,. 

To obtain this sum, we start from the expression of as" as a sfirios 
of Hermita’s polynomials, • 

where the a's are l?aovyn <j<)natanta. the sum being taken from g=0 to 
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q = En/2l 

We have ■ ■ . i:. 



and 

m ^ V . . d2"“2 7.vu 

dtc” ^ 3 «-2ff ^^an-2(2 ^ 

80 tha^ 

ttl P„ (aj) ^ ^ <^«-2^U2„^23 (®)» 




Obher formulae can bo written, oonneofcing P„ with the polynomials 
U. For iMtanoe, ns 


n I P„ (aj) cafl*® 





d" 

dx'‘ 


+o!, 


d_ 

dx 





ax 


and 


dx^' 


pi 


wo can writo 


»1P„ (a!) = I pi 

P9IO 

the symbol 0^ standing for the number of combinations of n obioobs 
p at a time. 

We have thus obtained a number of properties for our poIyno> 
minis P„. Some other properties could bo written, for instance, the 
expression for P„ as a determinant; its oonnecbion with Abel's poly- 
nomials; Its properties as a Sturm series, oto. As polynomials* 
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conneoijed with the hypergeometrio function of the third order have 
Boaroely been siudiedi all these properties are interesting, and may be 
extended to other more complicated polynomials of the same type. 


Ohiohli Hsbat. 
Stauboul, 
Tdjv^uib n^BoROPK, 
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Theory of Skew Rbotanqular Pentagons of 
Hyperbolic Space 

I. Derivation of the set of associated pentagons 

By 

B, 0. BosBj 


Introduotlon, 

It is well known that to any right-angled triongle on the Hyper- 
bolic plane, there oorrespond four other right-angled triangles, five 
tri -rectangular quadrilaterals, and one rectangular pentagon, ony 
element of each of these later figures being uniquely determined by a 
oorresponding element of the given right-angled triangle.* These 
figures are shown in Fig. 1. Besides those Hyperbolic plana figures 

• Nikolai Jwanwltaoh Lobasotteekij, 'Zwoi Qeomotrleol.o AbbanaiunireD' 
(Leipzig 1808-00), 1C and 20. Anraotkungon Von F. Bngol, 243 and SCO. 

P. Bngol, 'Zur nichtouklidiachon Goomotrio.' Leipzig, Dor. Gob iWIna MaH. 
Pliy. Klasao, 60, 181 (1808). ‘ “ 

H. Liebinann, 'Elon.ontargcomolrlBohor BowoIb dor parallel Konatruktlon und 
neue Begrundung don trignoinotrlaolion Formoln der hyperbollBohon Qeom atria - 
Math. Ann. (Leipzig), 81, 186 (1006). v««<)matri6. 

D. M. ■Y.'Sommotvillo, 'Non-EuoUdoon Plane Geometry,’ W. 

H. S. Oaralaw, ‘Non-Buolidoon Plano Geometry,' Oi, 

S.Mnkhopodliyaya.*GeomotrJoallnvoBtigationaon the oorroapondencoa batwoen a 
right-angled triangle, a throe right angled quadrilncorol and a rootangnlar pantaaon 
in Hyperbolic Geometry.’ Bull. Col. Math. Soo., 18 , 311 (1022.98). Alao Oolleotod 
works, Part I, Od^OS, 

M. Simon, 'Niohtouklldiacbo GoometWo’ (Tenbner. Leipzig und Berlin. 1096) 
48 and 64 * 

B. Eoeaor, 'Die komplomontKron FIguron dor niohtouldidiaohon Ebone,’ SltzuDBa 
beriolito dor Holdolborgor Akadomlo, 2. Abhandlaug, 0 (1026), " 

It. 0. Bose, 'The theory of aaaoolated Agiirea hi Hyporbol’io Gooinotry.’ Bull. Onl 
Walb. Soo„ 10 (1028), 183. ' , 
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there ia also a spherical star pentagon (carrying five right-angled 
triangles) shown in Fig. 2,* whoso elements are also uniquely 




* In lodicatmg (he el«ments of the various triangles, etc, i in Figs. I gml 3, wo 
have followed the usual notation, m., «, p, y, ju denote the angles of porsllcliatn 
corresponding to the distances a,h,o, l,m rasiwtively. fi', y, a', donolo 
angles complementaty to «,^, y, while o', b', s', i'. denote the distuacos of 

paralleham corrospooding to feha angles a', y\ V, 
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determined by those of the given right-angled triangle.* The twelve 
figures token together form a system of associated figures, the, exis- 
tence of any one figure ensuring the existence of the rest The 
object ofthispoperistoshow. that the Imotvn system of assoekied 
fiyurea, is only a degoncmte case of a more general system, vk„the 
system of 12 associated shew rectangular pentagons, in Hyperbolic 
3-spaoe. The geometrical inter-relations between the figures of the 
generalised set, and the bearing of the theory of groups on the matter, 
will be studied in later papers of this series. 


■1 ■ 

Complex BogmonlB and ekow roctangulnr pentngona. 

1. Certain preliminary generalisations are naceBsary, in order to 
build up a general theory of assooiatod figures which should include 
within itself the theory of assooiatod figures, (depending on five olei- 
ments) of the Non-Bnclidoan piano goomotrios. In the present section 
we first introduce the idea of the complex segment (and its measure) 
and derive some of its oloraentnry properties., The almv rootangular 
■pentagon kmxli defined, audit is shown that right-angled triangles 
tri-roobangular quadrilaterals and rectangular pentagons of the Hyper- 
bolic plane, togolhor with the sphorioal rectangular pentagony oan be 
regarded as degenerate oases of skew rootangular pentagons. 

2. The figure formed by twe linos p and q in Hyporbolio space 
maybooallGdaoowpfo®8egmenf pg(Fig. 8). The complex segment 
pq Is said to be proper, when p and q are not parallel. In this ease; 
p’and (possess a oommon porpendwular r, whioh may be called the 
axis of p 3 . The complex segment pg is said to be improper when 
p and q are parallel. 

A trans/oimalion of Hyperbolic space which is the resultant of oh 
even number of reflections in planes, may be called a rigid motion^ 
while the resultant of an odd number of rofiootions may be oallod a 
syramotrio transformation, .... . ; 1 

* Nlltolfll Jwanwitaoh LobiiBclifonMj, ko. eft., 10, Also ‘Tliooty of ParolloiB* 
{tianBittlion by G. B, iral8lien(l)» ^ 

, : Bo0H0r, ‘Noite SHtae Ubor sphttrieclio iind hyperbolUoIi^ 37lbifeoko, * 

WrloJito dor Heidolbergor AUudoraio, 10 Abhonilhmg (1020), 

Dk M. Y. Sommorvillo, ' Non- njuoli dean Ooomof,ry, 06, . " .V ' " 

M, Bimon, ho,c\i,i76, * ''■ 
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Two complex segments and 'p^qQ mB,y he said to be congruent 
when there exists a rigid motion, transforming p to po ^ So* They 

may be said to be symmetric, when there exists a symmetric trans- 
formation converting p to po and g to 

To every ‘oomple 2 i segment we now want to assign a number 
whidh is invariant under the group of rigid motions, i.o.t we require 
all congruent. complex segments to correspond to the same number 
and converseily , all complex segments corresponding to the same number 
to be congruent. This can be done as follows :■ — 

Firstly, let the complex segment pg be 
proper, and let r be the axis of pg. Let us 
assign an arbitrary positive sense of trans- 
lation along r. We can then assign a 
positive sense of rotation around r, which 
bears to the’poaitive sense of translation 
along it, the same relation, which the rota- 
tion of a right handed screw bears to the 
translation of the screw* A screw motion 
about the oriented axis r can be charac- 
terised by a complex number where S measures the trans- 

lation along r, and ^ the rotation around r* Of course, d is a 
positive or a negative number, according as the translation agrees 
or disagrees in sense, with the assigned positive sense along r, 
and the same holds for (ji. Consider now the screw motions whioh 
convert p to g, Let P and Q be the points in which the lines p and 
g meet r, and let p-^ be the line, in which the plane pr meets the plane 
perpendicular to r at Q (Fig. 8). Let d be the distance PQ measured 
positively in the assigned sense along r. Then a translation d along 
r brings p to p^ Next let a rotation through ^ about r measured 
positively in the ^issigned sense, bring p' to g. Then d + t ^ is a screw 
bringing p to g* If n is any integer ( + ve, zero, or -ve) then 
d + + would also characterise a screw bringing p to g. It is now 

to be remembered that the positive sense along r was arbitrarily assigned . 
If we had reversed the positive sense, we should have arrived at the 
domplex numbers — {d^i{ip+nn)y\ as charaoterising the screws 

bringing *p to g. Thus starting with the proper complex segment pg 
we can arrive at the set of nnmhers ±{d-hi (0 + nn')}, They will 
he called the set of measures of pq, 
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To any improper oomplexaegmmt^q toe ooventiomlly a feign ihe 

eot of meaeuree inn. (1’21) 

The set of measures of a complex segmnt ^ ie inchpendenf ^the 
order p, q. {i' 22 } This is evident whan pg is iinpropor, When jjg is 
proper, letr be asbefore the axis of 7g. Then the result follows by 
noting that, with an assigned positive sense along the screws carrying 
p to g are oharaoterised by the same ootnplex numbers as the screws 
carrying q to p, with the positive sense along r reversed. 

Since lengths and angles are invariant under rigid motions, and a 
right bonded system of axes is converted into a right handed system, 
it is clear that the set of measures of a proper complex segment fs 
invariant under rigid motions. The same is seen to be true for improper 
oomplox segments, (1-28) if wo note that a rigid motion converts an 
improper oomplox segment to an improper complex segment, and 
that any two improper complex segments have, by onr oonventiort, the 
same set of measures. Oonversoly, it is easy to see that two complex 

segments with the same set of measures are congnienk, {i' 2 d 0 ) 

To assign now a unique number to every complex segment, two 
methods are open to us. The hrat method is to restrict diOud a bo 

that they satisfy ono of the two following relations ! • • 

d > 0, “S'/2 •< ^ ff/2, 

0 ^ 0 ^^/2. 

• The point d+fr/., if represented on the Argand diagram (Gouss, 
plane), now occupies a region lying to the + vo aide of the axis of 
tmaginaries and bounded by the axis of imaginaries, and two lines 
parallel to the axis of reals at a distanoo x/2 on either aide of . it 
those parts of the boundary which lie to the negative side of the 
axis of reals, being excluded. We can call this domain on tho.complex 
plane, the fundomontal domain. It is shown in Fig. i, as the ahadod 
regioni excluded portions of the boundary being shown by broken' 

lines. Among the measures of a oomplox segment, one and only one 
lies in the fundamonial domain, and wo oan call this the prlnetpal 
measure of the oomplox sogmont. (1'26) 

Iffollows- from (r28) and (1-25), that two oongniont 'eegmehis » 
have the same principal moasuro and oonveraly. (1-26) \V6 shall use 
the notation (pg) to denote the , principal tooaBuro of a complex 
spgraent. Again, it follows from (1*22) that 

(1J3)=(2P) (1*27} 


0 
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This will otherwise appear a little later when we ostablieh 
that there exist rigid motions, interconverting p and q {of, 1’80 
and 1*83), 

The second method would be to introduce a many-one trans- 
formation of the complex plane, which takes over each of the numbers 
±{d + t(^4-nn')} into the same number x^iy^ while the reverse trans- 
formation takes over (aj + 1 ]/) to any of the numbers ±{d + %+nn')}, 
but to no other^ Such a transformation is provided by (aj + ty) — 
tanh2(d4-i^), It converts what we have called the fundamental domain 
into the whole complex plane, Thu3> if d + is any measure of u 
complex segment, we con call a?+ty the transformed measure of the 
segment. To every complex segment ^ ihen oorrosponds a unique 
complex number aj+iy, which la iho tvanafoTmed^ measure of the 
segment, and oonversely to every complex number x-hiy, there exists 
a system of complex segmentst all oongruont to one another, whose 
transformed measure a: + iy is,* (1 '28) 

‘ 8, Before further developments are possible, certain elementary 
properties of complex segments are required, 

Xet 8 be a proper complex segment with axis q. Lot 0i and 
be the two planes bisecting the dihedral angles between the planes 
and 3 < 3 , and let p be the plane bisecting*’ perpendicularly the 
shortest distance between and t^. Then the lines Ptt Pi' 

* Tbe infcroductioa of tho i in tbig paper, Is made only for brlngiof? the invoati- 
gations here, in line with analytical devolopments to follow In lalor papers of this sories, 
So far as the requirements of the present paper are concerned, we mighL have defined 
the measure of e segment by the number pair (rf, ^), where d and satisfy tbe resfcrio- 
tjons ^'24)^ The functions considered in § 2, would ihep act cn such number 
|>air8. 
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which the plane p ineets the plane <I)i and <[>i' raspeoUvely may b$ 
defined aa the right-biaeofcora of the complex segmenfe (Fig, 6). 
To distinguish between <I>i and , we may pi-oceed as follows. If fig, 
Ua' be the points at infinity on <2 and fig, Og' tho points at infinity 
on .fg, then wo can take to be tho plane, which bisects the 
dfhordal angle between the half plane having the edge g and 
containing fig, and the half plane having (he edge q and containing 
-fig. In the same way we can take 0?]^? to bo the plane, which 
bisects tile dihedral angle between tho half-piano Sj' and tho 
half-plane having the edge q and containing fig^ 



Let Ta and Tg be the points in which fg and tg meet g, and let 
;?! be tho raid-point of Ta'i'g. Then it le clear that the right- bisectors 
Pi and pj' posa through Pj, Lot and xg be tho pianos perpendi- 
cular to g and passing through TgttndTg rospeutivoly. A rofleotion 
in the piano p interchanges tho planes Xg and xg, while a reflection 
in the plane <D|, intorohangea tho piano gt, with the plane gfg (the 
half-planes :?8' and Slg' being intorohangod). Honoo if the two reflec- 
tions follow one another, the line which is the Intorseotion of the 
plane xg and the plane gfg, would bo intcrobanged with the line fg 
which is the interseotion of the plane xg and the plane gfg. Since 
the half-piano Sa' is interchanged with S 3 ^ the point at 
infinity fljj on fg is inlorobanged into the point fig on f g. The 
other point at infinity fig' on fg is interchanged with tho other point 
at infinity fig' on fg. Now the resultant of the twb reflections is no- 
thing else than a rotation through au angle w about pj. Hence we 
; oomludo : a rotation ihrotigh an angle x, about any right biseotor of 
a proper complex segment, inlorohangoa the arms of the complex 
Bogmont. (1‘80) 

Since the rotation through an angle n about pi interchanges fig and 
fli) as also fig' and fig', tho linos flgilg and fig' fig' must meet P| 
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perpeodioularly. In the same way, it appears that the lines 
.and, Pi' P®**P&ndioulDi*ly. Since the common perpendi- 

nulai* to two lines is uniquely determinate, we can otherwise state the 
above result m the form: , Any line perpendicular to the axis q of 
a proper complex segment (^nd also io one of the four oom 7 non 
paralieU io and f 3, 'Ernest be one of the two right biseotors of the 
complex sogineni ( 1 ‘ 31 ) 

So far we have dealt only with proper complex segments. If 
is an Improper complex segment, then ^2 ^3 parallel, and 

have a common 'point at infinity. We may thus take 0^2 and 0^3 as 
coincident. In this case our previous definition of the right biseotors 
breaks down. We may however call the line which is perpendi- 
cular to the common parallel 112113 and passes through the right 
bisector of ^ ^ . Ibis then easily seen, that a rotation through an 
angle TT about the right bisector pi of an improper complex segineni 
interchanges and tg. ( 1 ^ 82 ) 

4. Any trianlge, all of whose angular points are at infinity, may 
be called an asymptotic triangle. The following property of the 
asymptotic triangle will be subsequently used, 

Lemma, If aline q possesses common perpendiculars p^t Vs 
with the sides OaOg, 0 ,^ 0 .^ and 0/ an aay^npioiic triangle 

rijUgflg and t/ t), i‘2» ^3 are lines perpendiotilar to q and passing 
through Cl It reapeotivelyt then the righi-biseotors of the 

complex segments Pity t p2t^ and p^t^ oomeide respectively with the 
right-bisectors of the complex segments p^p^t pspi and pip^ 
(Fig.6), (rW) 
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Let T|, Tg, Tg, Pj, Pg, Pg denote respeotively the points at 

which the lines fit fg* ^si PitVztVa meet q, and lot ®ii asg, Kg, 
VitViiVst denote the distances of those points from a fixed origin 
. 0 on g (the distanees being measured positively in a fixed sense 
along g). It follows from (1*81) that PiiPg, pg are respeotively 
right-biseotors of the oomplex segments i^^ and Henoo 

P|, Pa. Ps ora the mid-points of TgTg, TgTi and TiTg respeotively. 
Therefore =. J(a;8-t-a;a), 

l/a = K^s+Ki). 

Vs ~ +® 2 ). 

The distance of the mid-point of P|Ti from 0 is ' ‘ 

I + 1/ 1 ) = i (2a;i + *2 -t- Kg) . 

Also the distance of the mid- point of PgPa from- O is 
4 fl/s+l/s) = i (SiBi+Ka-hag). 

Hence the mid-point of PiTj ooinoideg toith the mid-point of 
PgPg. Denote this point by M. (l'4l) 

Denote by Si', S2'. 5 s' the half-planes with the edge g 
and containing the points Hi, Og, fig respeotively; and by Oj, tDg, 
0?3 the planes possing through g and containing the linos Pi, pj, pg 
respeotively. A rotation through an nnglo »r about p,, interohcingeB 
tg and fs. Ha being interchanged with Hj. Henoo fcliQ half-planos 
• Sa' ood Ss' ore interchanged, while <I>i is 
unchanged. Hence they are equally in- 
clined to fijj in opposite senses. Now let 
X' ba ftny half-plane with the edge g. Of 
the two half- planes in which <I>, is divided 
’ by q let <[>i'be that which is separated 
from X by Sa' and Ss'. Let o-g', trg', <l)\ 
bo the angles (lying between 0 and 2)r) 
through which x baa to rotate In a fixed 
positive sense round g to orrivo at iSg', Ss' 
ond <Di respeotively (Fig, 7), 

Then ^ 1 ' (criM-o-g'), 

The line g divides ffig into two half .plaaes, of which let qi'g/b'e 
that which is separated from x by ond S3'. In a similar manner 
we define the holf-plane <!>»', Let o-,', be angles through 

which X has to turn in the assigned positive sense round q, to orrlve 
at X\>, ‘Pa'. ‘X>s' respectively. Then analogous to (1M2) wo have, 
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The angle through which x has to turn in arriving at the half- 
plane bisecting the dihedral angle between and <[>j/ is 
+ - ^(Stri' + a'a' + o'aO, 

and the angle through which x has to turn in arriving at tha half- 
plane bisecting the dihedral angle between and 0^^ is. 

+ i(2o*i' + o'2'4'cr3/). 



' , Consequently the half-plane bisecting the dihedral angle between 
02^ and 03^ coincides, with the half-plane bisecting the angle between 
Si^and0>i^ If Si den'jtes the oomploto plane of which is a 
part, then the two planes which bisect the four dihedral angles con- 
tained by Si and 0>i, are identical with the tvo planes which bisect 
the dihedral angles between <02 Taking into consideration 

the result (1*41), it follows that the two lines, in which these 
two bisecting planes meet the plane perpendicular to q through Mt 
are the right- bisectors of both the complex segments and p^a. 

In the same way, we can prove that the right-bisectora of the 
complex segments and p^ coincide respectively with the 

right-biseotore of the complex segments p^py and piP2» 

6, Given two lines pj and q mterseoting pGfpendicnlarly ai Pj, 
t< as required io find a Imc inierseoting q porpendioularly ^ and forming 
wiih Pj a complex segment of given principal measure fs “ + 

We shall show that there are only two possible positions of the required 
linOf which arc interchangeable by rotation through an angle n about p^. 
(1*60) The complete set of measures for the complex segment 
in question is ± {d+a(^-f-n;r)}. The line q will be the axis 
of the complex segment formed with pj by the required line, 



Let us assign an arbitrary positive sense 
of translation along g, This also determines 
a positive sense of rotation around q as ex- 
plained before. Suppose a rotation through an 
angle <p about the, oriented axis q brings pi 
to ^1, and a rotation through an angle — ^ 
brings it tol]' (Fig, 8), T'urther let a^transla* 
tion through d along the oriented axis q bring 
^ to ^2^ a traiislation through —d about 


Fig. 8 

while all the screws 


the same axis bring to ^3, Then clearly all 
the screws {d+i(^tn7r)} take over Pi to fg, 
— {d-hi(0+ijff)} take over py to fg, If we reverse 


the positive direotin along g, we arrive at the same lines ig, bub in 
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the other order. Hence and tg are the only positions oi the required 
llne» Let and meet q in X2 and Tg respectively. Now PjTg =» 
TjPi = d. Henoo Pj is the mid-point of T3T3, Thus pj lies on the 
pi sue p bisecting the shortest distance TgTa between tg and tg. The 
planes qt^ and qt^ are identical with the planes ql and qV, and are 
therefore equally inclined (at an angle to the plane qpi, Henoo 
the plane qpi^biseota one pair of dihedral angles between the planes qt^ 
and qtg. Since p | is the intersection of the plane p and the plane qpj, 
ibis by definition, a right biseotor of the oomplox segment, Hence 
from (I’SO), a rotation through an angle a- about pj intorohanges to 
and tg. ^ 

6. Five lines p,, pg, pg, p^, pg may be said to form u »km 
■reotangular pentagon PiPaPaP^Po, if p, and pg, p^ and pg, pj and 
P^p P-t otidpj, pg and Pi inlorsect perpondioularly. Each of these 
lines may bo called a side of the pentagon. The principal mgasures 
gf the complex segments p^Pa, PiPg, p^p^, PsPe- fipj may be 
said to be the elements of the pentagon. If these measures are. 
*|p •*3i *8' *4' ^6> the pentagon may bo denoted by any one of the 
ten equivalent symbols obtained from 

{»!, «2p ^8p **4) *'5}| ’ • • - 

by all possiblo oyolio and antioyclio permutations. 

Any element of a skew rectangular pentagon may bo sakl'io’” 
correspond to that side of the skew reotongulnr pentagon, Which 
forms Uio axis of the complex segment, of which the olomenf in • 
question is the measure. Thus /Sg corresp onds to the side Pg,' since 
Pg is the axis of the complex segment P2P+ of which the measufe 
is «8. To every order of ioriling down the sides of ihe skew rbet- 
(mpwfar penfflgon. wfl can associate one order of writing down (he 
elements. Thus, if the elements «ii <<21 ^8, *4i *5 oorrospond to 
the sides Pi, Pj, Pg, p*, p# rospeclmly, then aorresponding to (he 
order Ps* Psi P i- p5> Pi °f witing down ihe aides wo have the orUer 
{>isi ^e> of witing down the elemonia. (I'gO) 

Two skew reotangular pentagons may ho said to bo oongruent, 
when there exists a rigid motion by wbioh the corresponding sides 
of the pentagons may bo brought into ooinoldonoe. It follows from 
(l‘ 26 )i that the corresponding elements of two congruent fentqgon* 
m equal. ( 1 ' 61 ) ^ 
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7, Any two oonseoutive elements of a shew rectangular pentagon' 
ocpiphtely determine all the other elements, (1*70) 

Let the elements and be given. Let pi and p^ be any 
two lines meeting perpendicularly at 0 (Fig, 9). Let us try to find 
lines Ps, 7 ) 3 , p^ such that they together with pi and P 5 form a skew 
rectangular pentagon for which 

(PsP*.?) ==* ^1' {P 4 P 1 ) = ^6* 

There are only two possible positions of the line satisfying the 
required conditions, and these are 
interchangeable by a rotation 
through an angle n about pg (of, 

1*60), Denote these two positions 
by Pa' and p 2 '^ Likewise there 
are only two possible positions of 
P 41 say P 4 ,' and p/ which are in- 
terchangeable by a rotation 
through aa angle it about p^, 

Sinoe pg is perpendicular to p^ and p^ there are four possible posi- 
tions for pg, pg' the oommonl^perpendtcular to pa' and p^A pg^ 
the common perpendicular to pg' and p/, pg/^' the common perpendi* 
oular to the common perpendicular to p^/ and 

Pj2 * 

Since a rotation through an angle n about pj, interchanges and 
while it leaves p^' and p^^' unaltered^ so this rotation interchanges 
Ps withps'/ and pg'" with P 3 ^^ Likewise a rotation through an 
onglo TT about Po> interchanges pg^ with pg^ and pg^' with pg'/^ 

Thus of the four skew rectangular pentagons pi Pg' Pi' P/$, 

PiP2'Pa"p4''Pfi. Pi Pa'^Pa'" P4"Po'Pi Pe'' Ps^" P 4 'P 6 > the first is 
interchanged with the second and the third with the fourth by a 
rotation through an angle ?r about pj> while the first is iatorohangcd 
with the fourth and the second with the third by a rotation through 
an angle TT about P 5 , Hence the four rectangular pentagons must bo 
congruent. Hence elements and with which we started, 
unambiguously determine the other three elctnents ^g, 

^2 - (PiPsO (PiPs'O, (PiPs"0 “ (PiPs'")i 

; ^3 ^ (PaV) (P 2 WO (Ps'^PV') « (P2"PV)i 

(Ps'Pe) ^ - fps^^P^)* 
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Corollary. Two »]mu reotangxdarpontagans, in wjiichiwo gon^ecviivo ' 
elomcnta of ihe one are equal to itao consecutive elevients of the othet; 
are ^themselves congruent, (1*71) For, wo can, by a rigid motion, 
briog into coinoidenoe, the two sides of tha Arab pentagon, vvhiolv 
correspond to the given elements, with bho two corresponding sides of* 
the second pentagon. Then from what has been proved above, either 
the two pentagons will coincide, or they can be mode to coincide by a 
further rotation through an angle k about a lino. 

8. We shall now show that plane right-angled trianglosi tri- 
rectangular quadrilaterals and rectangular pentagons, as also spliorioal 
rectangular pentagons, can bo regarded as special typos of skew 
reotongular pentagons. 

Jjet ABO be a plane right-angled trjanglo. right-angled ot 0 (Fig. 1). 
Let AT-i and BM (nob shown in the figure) be supposed to be drftwn 
psrpendloular to the plane of the triangle. Then the right-angled 
triangle in question may be regarded os a show reotangulap pentagon! 
with sides OA, AL, AB, BM and BO. If the piano righUangled ivhnglo 
haa the hypotenuse o, sides a and b, and angles A and /* qppo^jfe {o , 
these aides rospeotivoly (ns shown in Fig. 1), then the equivalent shoip •. 
reotanguiar pentagon has the elements, 

{a-t-fn'/2, f/n, 0, lA, b-t- f7r/2}. (1 ■$()). . 

A^ain, let PQWS be a tri-reotangulor quadrilatoral nouto-anglod at 
P (Pig, 1), Then it may be regarded as a skow reotanguiar pentagon 
with sides WQ, QP, PN, PS and SW, whoro PN (nob shown in the ' 
figure) is porpondioulor to the piano of the quadrilateral. If the 
tri-reotangular quadrilateral has (as shown in Fig. 1.) iho sides o, m>, a, I, 
reohoned in order, the first and the fourth of those sides ooniaining the 
aoute artgle /3, then the equivalent skew rectangular pentagon has the 
clepxmis 

{in', o-hiv/2, i/3, 1+ in/2, a}, (V^l) 

Next suppose XYZUV is a spherical rectangular pentagon with 
sides Xy “ A-l-ff/2i YZ *= 7-hn/2, ZU » ix-\-nf2, UV sa a~)3| VX 
and carrying tho five spherical righb-onglod triangles 
wi^b plements shown in iPig. 2. Lot P, Q, B, S, T bo the po)es qf tho 
:arsis VXi XX) YZ, ZU ond UV rospeotively. If 0 is the oonbro o| tho 
'sphere on which the spherical rectangular pentagon is disown) then 

7 


172 


B. O, BOSE 


ii may he regarded aa equivalent to a shew reotangulav 'pentagon with 
sides OE, OQ, OP, OT, OS and having the elements 

i(7r/2-X), ia,i i{nj2 — p)}. (P82) 

Finally, it IS obvious that a plane reoiangnlar pentagon ABVYW 
(Fig. 1) with sides a', o, 2)^, 2, m rechoned in ordeVf can be oonsidered 
to be a skew rcciangulai' pentagon hOrVbig all its sides coplanar, and 
possessing the elements 

{a^ 0, I, Di}, (1*83) 

§2 

The bIx fundamental funotions. 

1* There ore four functions in ordinary Hyperbolic (Geometry, 
the n function carrying the segment a to the corresponding angle of 
parallelism a, the A function which ia the inverse of tho 11 function and 
carries a to a, the complementary function which carries a — A(a) to 
af A(n-/2-a) and what we may call tho dual complementary func- 
tion which carries a to « 7 r/ 2 -*tt. To these four funoions we should 
also add the identity which leaves an element unaltered. These 
functions fail to form a group tor the simple reason, that XI and the 
complementary function operate only on segments (strictly lengths), 
while A and the dual complementary function operate only on angles 
(strictly measures of angles). If tho elements of any one of the known 
associated figures (Figs, 1 and 2) are given, the elements of any other 
associated figure are connected with the eloments of the given figure, 
just through the medium of the above meutionod funotions, It is 
therefore necessary to investigate funotions, which in tho general 
theory of associated skew rectangular pentagons should play the 
corresponding role, We shall show that there exists a sot of six 
fundamental functions 1, /, (?, ft, w and (of which the known 
functions of Hyperbolic Geometry are, in a certain sense, the degenerate 
cases) which are just suitable for our purpose, These funotions 
operating on complex segments convert thorn into related complex 
segno on 1 8 (more strictly principal measures of complex segments into 
principal measures of related complex segments) , and build a group, 
which is simply isomorphic with tho group of rotationSj converting an 
equilateral triangle into itself. Wo shall next study a certain allied 
transformation of Hyperbolic Line-Space, which occupies a central 
plac^ in th© further development of pu'r theory. 
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2, The funoiion f, 

Def. The fcwo poiats at iufiaity oa a straight line, may, after 
Hilbert, be called the ends of that line. 

Lot^ « and v be any two lines forming the complex segment 
with principal measure a = a: + /A.. Denote by s the common per- 
pendicular to « and V and let fi denote one end of u. Draw the lino f 
perpendicular to v and passing through D (Fig. 10). Lot «* ==> as* •n'A.* 
bathe principal measure of the complex segment 

sf . 

Starting with any complex number a of the 
fundamental domain, we can thus arrive at 
another complex number a* of the same domain, 
associated to the former through tho goometri- 
oal oonstruotion given above. 

In order to be sure that tho number a* Is uniquely determined by 
*1 we have only to show that wo arrive at the same nuneber, (a) if the 
. lin^ through the other end of u, 

(6)^ifthe parts played by u and v in the above oonstruotion are 
ivtoversed. 

Of these, (o) is obvious for, if 0/ be tho other end of u, and 
drawn perpendioular to v and passing through fi' then from (1'31), a Is 

" ® bisector of tho complex segment iF, Henoo from (1 *80), a rota- 
tion through an angle n about a Intorobangos t and V while it loaves 

■i;: Unaltered the line a itself, Henoo tho complex segmonbflf' is oougruont 

i j iio’ the complex segment at and therefore has tho same prlaoipal measure 

as IT (of. 1*26). 

To prove (6), wo have to show that Cl'f being any end of u, and t>^ ia 
y the line perpendioular to « and passing through fl", tho complex 

|■:segmelltB sP ano at are oongruont, Lot p bo the oommon porpendi* 

: lg|W.)|>r to # and Then p is aright biaootor of «o (of, 1*81), A 

through an angle «■ about p takes ovoru bo v, fl being oorrled 
1‘80)* Henoe the line i" goes over into t, while • remoins 
lijjij^lhtjmgcd. Therefore (aP) «= (ai). 
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1^4 

We may therefore oonoeive of a function /, dpplioahle to every 
complex number ^ of the fundamental domaiut and oonverting it 
into a tmiquehj determinate number of the same domain and state rta 
fundamental property in the following /om 

If 8 and V are any two perpendioular straight lines ^ and u and t are 
lines perpendicular to s and v respectively ^ and parallel to one another f 
then ’ " { 

(at) «./(ot), (2’20) 

or denoting (at) and (ui;) by and 

From, the nature of the geomatrical const ruotioD oonneoting 0 and 
it is obvious that we also have 

fS c= 

i.dr, th fiinoUoH f is involutory^ and we may write 

( 2 ’ 22 ) 

Two special cases are of importance for us, Firstly suppose u 
and u are CO planar and possess a common perpendicular of length d, 
so that (OT)s=a, then obviously a and t lie in the name jjlane and 
where a' denotes as usual the length complementary to ‘a* 
We may therefore write 

/ (a) = a', where a is a veal positive number* (2*28) 

Next suppose that u and v are oo planar ahd include a positive 
acute angle a (the distance of parallelism corresponding to a being a) 
then i lie^ in the plane of w and whiles is perpendicular to this 
plane. Obviously (st) = a+i ff/2, We therefore have - / 

/ (la) = a + i 7r/2, / (a+f 7r/2) = {a, (2'24) 

where a is a real positive number t and a lies botween 0 and n j2* ^ 

3. *ih 0 function h. 

As before let u and v be any two lines forming the compldSc 
segment rnj with axis 8 and principal measure iX* Draw the 

line perpendicular to s and v through their poinit Of Intetsec tidn 
(Fig. 10). Let fiQ be the principal measure of the com^ilex segment nljf. 



^itEW Rl^C'Jl?ANGULAIl Plim'AGONS Ot? EtyPlSUIl 01^10 SPAOR l7fe 

Corresponding to every complex niamber & of the fundamental domain 
we thus get a geometrically asaaciated number same 

domain. Here it is to bo remarked that we should have arrived at 
the same number even if the parts played by u and v tiro revorat^d, 
for if yf is perpendicular to s and u tliroiigh their point of intoraeotlon» 
llien a rotation through an angle n[2 about 8 brings u to tho position 
and D to the position y so that (vy^) *=> (iiy). 

We may therefore co7ic6ive of a jmioiion h, ai)2)lioahle io ovory 
co^nplex number si of the fnnda7nonial domain^ and oo^iverlmy it into 
the uniquely determinate assoGtated ^nmhor of the samo domain, 
and state its fwidamental property in iho foUotohig fonn i — . 

If s is the common porpendhuhir to Imes u a^id v, and y is the 
line perpendicular to a and v through thoir pomt of mteraootion, then 

(l/u) « h (t;u), (3*80) 

or denoting {u v) and (u y) by ^ and 

^0 *== W* 

. Prom tho nature of the geometrical oonstruction eonnootijig 
and fi it is clear that wo also have 

80 that the funoiion h ia involulory and wo may write 

« 1. 

Ab before the two epooial oafloa in whiol) a *=s a, 
are of importanoo to us. It ia readily Boon tlmb 

ft ^ (a-HJ(r/2)«=»fl, 

where a is real positive number i 

h {ia) i=» /‘(ir/2~c0, 
a Ka# 6 otwostt 0 and 7r/2. 

4. Tho group of site funoiionB gonorated by f and h. 

Wo may denote by h j tho functional operation, wbioh ie Iho 
reeultantol first applying the 'function / and then applying tho funa^ 
tion hto any complex number o£ the fundamental domoid, tthfl oet 

h/saw, We shall show that w*a=>l • ■ 


and » m fn, 

(sj’aaj 

(9-S8) 


hr* d, i30SiS 


m 


Let Z, m, n be threo mutually perpendicular linea meeticg at 0* 
Let p be any line perpendicular to Z, making (p m) and let Q be 
one of the two ends of Let ^ and r be the lines perpendicular to 
m and n reepeotively and passing through O (Fig. 11). 

Let US set 

= 



(^l)i ^8-^ («2)t /(^8)> ^0-/ (^o)- 

Therefore ^ / (^i)« 

Thus hfhfhf^l or ( 0 ^ = 1* (a'lO) 

The results (2^22), (2*81) and (2*40) taken together show that iho 
funotions f a7id k, generate a dihedral group oonskting of six elemente, 
If we set / / =3 it is easy to verify that iho group under consider 

tion is constituted by the functions g^ k, w, oombining aooord~ 
ing to the following muliipUoation table i — 

1 f g h i)> u>^ 

f 1 ia h g 

» g (0 1 f h 

h 0)2 0) X ‘gf 

h f g 1 ia 

w g h f X, (g'Jl) 

For example to find the value of gh, we find that element in the 
column headed by which lies in the row beginning with h. Thus 
gh 5SS ct), 
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If a be any posibive length, a the angle of parallelism correspond- 
to Or, and a> the length oomplementary to a, it has already been seen 
;(o/. 2'28 and 2'a2) 

f (a) = a', h (a) = a+i 7 r/ 2 . 

Fuilher («) = f h {a) — f {a-hi 7r/2) - ia , from (2'24) 

(0 (a) = h f (a) = k (a') = a' + f n/2, 

g (a) = (u2 / (o) = t «2 (<i#) ,• 

Summing up we have : 

/ fa) 5= a', g (a) i (7r/2— a), h (^) == a + / ;r/2, 

<0 (a) :=: a'-f f ;r/2, 0)2 

fi, The B-transfoTmation, 

Let y be any flxod line in Hyperbolic Space, and v 
wbitrory line wioh ends 

and fig. Wo can find two lines 
and which have one end 
common with v {{,e,t are parallel 
to tj) while the lines joining 
their other ends to the other end 
of 1) intersect y porpondioularly 
(Fig. 12). Then the linos and 
may be said to bo the B-trana- 
forms oN, with rospeot to y, and 
the transformation of Hyperbolie 
Iflne-apaoe which carries over every 
line like v into the geometrically 
related lines, and may bo oallod the B-lransformabion with 
respeol) bo 2 /. This transformation insbitu toe a (Ij 2) correspondence 
between lines of Hyporbolio space. 

It is clear that if is a B4ramform of v w. r. t. y then is 
also a B4ran8form of Dj* w. r. b. y. (2*fl0) If wo denote the ends pf the 
lines as in .Fig, 12, then it is evident that v j*, are also the 

B-transforms of the line fl 3 fl.^ w. r, t* {/, Thus any two Imea wiWpft 
can be inierohangod with one another by a toiation through an 
. ir abonf y have the same two B4ran8(ormB w. r. fc. y, (2'61) 
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- 6 * Theorem, If the lines v and v* are B4ransform8 of each 
other w, 1 % a line y then the oontmon yerpendioulars to and w* 
which y possesses with v and t;* meet pevpendioularly at a point a/ y 
and {v^y) — ff (vy) (Pig. 18). (2*60) 

Let Uj, 0,2 ends oi: v andOj, ^3 the two ends of 

the line being perpendioutav to 1 /. Let 'W be the common 

perpendicular to v and y meeting the labtor at the point A and let u;* 
be drawn perpendicular bo y and v) through A. Now goes over into 



CI 2 by arotaUan through an angle rr about w and goes over into ^3 
by a rotation through an angle ir about y, Sinoe two rotations through 
an angle nt about two lines Interseoting perpendicularly, are equivalent 
to a rotation through an angle tt, about the line perpendicular to both 
at their point of their intersection, it is clear that a rotation through 
an angle ^ about uj* carries to Og. Hence meets the Uae O 
perpendicularly. This proves the first part of the theorem* 

Again from the definition of functions / and Ih It is obvious that 
‘ ’ {v*y) =j h(v^w), /(vw*), =* h{vy). 

Therefore (t?*!/) ^ h f h {vy) » h<o^{vy) =? g {vy) {of, 2*41) 

' 7* Theorem. If the lines v and v^ are B^ranfl/oVma of each other 
w. r. t. the line y and x is any line perpendionlar to y and possesaing 
oovimon perpendiculars u and ti* with v and- v^ respegtively (Pig. 
18)} then > t . 

{u'^ p) - f{vx), {v^x) ^ f(uy), \ ( 2 : 70 )^ 
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As before let O, fig be the two ends of v, and 0 ,^ the two ends 
of V*, the line fig being perpendioular to y. Then from (fdO) 
it follows that the right-biseotore of the oomplex Bogmont ooinoide 
with those of the complex segment uu*. A rotation through an 
angle n about one of these right-bisectors interohangos y with i' 
and It with (o/. 1‘80), and therefore (u'*y) = (fi<) and (-wy) = 

But from the definition of the function /, (f«)=/(r!«!) and {v*x) — 
/{in*). Honoe [u*y)=^f{vx) and (v*x)-f(uy). 


§ 8 . 

The tnelvo assoolatod skew rootangular pontagoiis. 


1. Wo are now in a position to show, tliat oorrespondiog to any 
skew reotangulor pentagon with olemonts {0i,«2t »4. «s}. there 

exist eleven other skew rectangular pentagons, euoh that every 
eleaaenb of each of these later pentagons is uniquely determined by 
e corresponding element of the original pent agon, through the medium 
of the six fundomontal funotions studied in the previous seoiiion. 
If in portoular, the imaginary part of the oomplex numbers *i, 

ifl made to vanish, the original skew reotangular pentagon 
bsoomea a plane reotangulor pentagon, while tho cloven other associated 
skew reotangular pentagons,, roduoo to tho eleven figures (five right- 
angled triangles, five trl-rectangular quadrilaterals, ond ono spherical 
reotangular pentagon) known to bo assooiotod with the piona reo. 
taugular pentagon. 


18, Theorem, If xuvwy and x u* to* y ho itoo ahoto roc-' 
ianijular pentagons having Bulo 8 xancl y common, while iho sides il 
and V* are B-transforins of one another vf. t, i, y (Ifjg. 14), 


in «*) = / (® v), (« V*) = / ( i / m ), (tl* «)»J e h (it w), 
{v*y) « g Ivy), (10%) = h{wx). (g-gC 

Now 1C and w* are the common pcrpondioulars y poesesaqs wit 
'ffsond u* rospootlvely. As 0 and m* aro B-tranatorras w, r, t. y w 
•i(^, see frona (2‘Go) that to and w* must moot ,porpondiou|arly 0 
ipjiio point A of 1/ and . 

« g (lig). V i(8 ^i 


8 
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Again as the line 
X stands perpendi- 
cular to y and 
posaessea common 
perpend icuiara u 
and w* with v and 
V* respectively, we 
have from (2 ‘70), 

{yu*) ^ / {xv), 

{xv^) = f{yu). (3*22) 

Again 1/ 

axis of the complex 
segment tcia and ta* 
is the perpendicular 
to iv and y through 
their point of inter* 
aeotion A. Hence 
from, the dehnition of the function ft, 

— ft (tacr), 





(8 '28) 


Agoin leti/** be a B-tranefovm o£ y W. E. T, v, and lob ifc poasoas 
common perpendioulars ®** and to** wibh u and v rospeobivoly. Then 
the skew reobangular pentagon «** u v i«** y** abanda exaobly in the 
aamo relation to tho skew rectangular pentagon xuvtoy, aa doea 
the skew rootangular pentagon x u* u* w* y (Fig. 14). Eenco 
analogouB to the resulta {3’22) and (8-28) we now obtain the reaults 

(v «*») = / («y), {u y**) ^ f {vx), (3‘2*) 

(« w**) = h («w). (8*28) 

Eeaulta (8*22) and (8*24) taken together show that 

(i/u*) == (j/«**) and (»«*) = («**«), 

BO that two oonaeoutive elementa of the skew rectangular pentagon 
ieu*v*w*\j Bfe respeoti'voly congruent to two conaeoutive elementa of 
the skew rectangular pentogon as** tt v ■«>*» |y**. Conaequently the 
two- skew rootangular pentagons are congruent {of. 1,71) and 
therefore 
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or from (3*25) 

(m* w*) = k (tw)* (8'26) 

Beaulfcs (3'21), (8-22), {0'23) and (8’26) taken, tof^ether eonstifcuto 
a proof of the theorem in question. 

Corollary. If iho lines v and v* are B-transforniB of each other 
w. r. fc. ike lino y and possess common perpendiculars w and to* wiik 
y, and common perpendioukrs u and it* with any line x perpendiou^ 
for to y, then 

(u*ta*) = h {uto), {w*x) — h{wx), (a'27) 

8. The theorem proved in the previous paragraph, at onoo leads to 
the following geometrical coustruction, for deriving from a given skew 
reotangular pentagon, another associated reotongulai* pentagon; 

Let X, It, V, u),y he iho sides of the given reotangular pentagon. 
Take two oonscouiivo aides, x, y of the given pentagon, and find a B- 
<ra»s/onit of the side v opposite to those, with rospoot to the side 
tj, ^ Let V* be this B-transform. Then iho skew reotangular pentagon 
tahioh has for three of Us sides the lines x,y and v», is the derived 
Bkeip reotangular pentagon. The other tivo sides are of course the 
oonmonporpotidicularsu* and w*, whiokxandy rospcaiivoly possess 
with i>* (i?ig. 14 ). ( 3 - 80 ) 

Let {^> 1 , be the eloments of the original pootogon, 

the order of writing the ulomonts corresponding to Iho order x, u, 
n,w,yoi writing the sides of the pentagon. From theorem (6 ’ 20 )', 

Jt (ollows at onoe that 

(l/u*) = /(.w)=/(«a), (®ti*)=/(yH)«/(;»,), 
{n*w*)^h(uiv)’=>h{ss\, (v*y)^g{vy)t=xg(a^), 

(U)*a;) = h (lyj.) e:.;j 

The geometrioal construotion (;)* 80 ), may bo called the B-construc 
Uon. It is clear that there are exactly ten ways of performing the 
B-construotion on a given skew reotangular pentagon, each way 
corresponding to one order of writing down the sides (and therefore 
to one order of writing down the eloments) of the given skow^Teotv 
angular pentagon. Tho construction (8 ’80) may ho regarded ha 
howesponding to tho order xuvwyol writing down tho aides, or the 
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order {«? ^ 5 } oi writiog down the elements of the 

original skew rectangular pentagon. 

Hence we can write : — 

If we perform on a given eheio rectangular pentagon (Pq), wHh 
elomente Oi> js? 4 , the B-oonatruetion ooncaponding ia the 

given order of writing down iU elements ; tve get m aasociated shew 
reoicngular pentagon (P 4 *) with elements, 

{/(* 2 )- /(»i). M«s)» ?(«*)- M« 6 )}. (8’3a) 

In the same way by performiug on (Pq) B-oontruoUona correspond’ 
(ng to the orders {iSa, ® 4 > *«• Osi {^4> *b> 

*8» *i> ^a} {« 5 » «i) ^2- ^3> ^ 4 } /associated shew 

rectarigular pentagons (Pa*), { 'i*), (Pa*)* (Ps*) rvith elements, 

</ W. /K). ft (»b). ^ 

■c/ («6). / (* 4 )* ft (»l)* ? («8). ft (*8». 

{/(»T)./(<» 5 ).ft(<' 2 ).S(»s),ft(» 4 )>. ( 8 - 88 ) 

The remaining five orders of writing down the elements of (Po) 
lead to the associated skew rectangular pentagons, already derived 
(the elements now coming in a different order). Front a given skew 
reotangular pentagon, toe can thus derive throtigh the B-construoiion 
exactly five associated skew reotangular pentagons , (8‘381) 

If we perform ort (P**) the B-oonstruotion oorrosponding to the 
ordler of writing down in elements shown in (B'82), we get bade to 
(Fo), (S’332} Bvt corresponding to the order, 

{/ (*i). ft M, 9 (« 4 )« ft (*5). / (*2)}. 

of writing down iU sides, we get the new reotangular pentagon {Fi) 
with eltftn«nfs, 

•f/ ft («3). if («i). ft]? (»4). ?ft («6). ft/ C*s)}. 

which from (2‘41) oa» he teriWen as 

{wV(*’^), «^, «(«*). “ (8*84) 
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In the same way oorresponding to other orders of writing down 
the oloinenta of tve can derive from it the aasooiated shew rect- 

angular pentagons (Pg), (Pg), (Pj) with elements 

{«(»4). w*(«8)> *ai “*(*9)( 

{o)»(»o). w(«a)t w®(«i)i Sfg}, 

{ »9, (3'86j 

Thus each of the five akew rectangular pentaRons IP^*), (Fft**), 
<Pj*), (Pg*), (P3*) leads (through the B-oonatruotion) to the original 
pentagon (Pq) and four new skew rectangular peutagona, But it is 
found that of the 20 new pentagons only 6 are distinct, each being 
repeated four times. Theg are the skew rectangular ponCagone (P^), 
(^8)1 (1*2) whoso elements are already given, and the shotv raot- 
angular pentagon (P^) roith elements 

W®(«3)i w(*$)i w(»s)}. (8’8d) 

We have up till now arrived at exactly 10 skew rectangular penta* 
gons besides (Pq). By performing the B-oonstrnotion in oil possible 
ways on (Pj), (Pali (Pj))! (P^,) fP^) wo get only one new show root* 
angular pentagon (Pq*) with elements 

{<f(»2). di^oh l?(»i)r fif(»4)}. (8^87) 

By performing the B-oonslruotion on (Po*) wo cannot got any new 
skew reotnngular pentagon. 

We can now state the main theorem of our theory in the following 
fbrmi — 

Theorem. The ISt skew racfonpukr pcjifopott#, (p^), 

(PsJt (P*)! (Po)i (Po*). {Pi*)i (Ps*)i (Ps*), (P**), (Pc'*:) whoa,* 
akfnents are shown in the scheme botow form a tpsfcMi of aesooiated 
figures, i.e., the eseistonoc of any one figure, ensures the exUtenoe of 
ike rest 


(Po)- 

'{ «!• 

*2> 

*8. 

*4. 

*8 )'t 

(Pl)- 


«“K). 



wlxj)), 

(P 2 )- 



*»• 



(Ps)- 


“*(*1*) 

*8* 



(PJ- 

-{«(*»). 

w2(*a), 

«4. 


w(*6)>. 

(Pfl)* 


»(*»)► 
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(Bo*)- 



<7(»(5), 


9iu)}. 

(Pi*)' 





Ku)}, 

(P./)- 




H»s)> 

Hh)}. 

(Ps^)- 


h(2a), 

S(«8). 

Hu)’ 

Hu)}, 

(P4*)“ 

•if(H), 

M^s)> 


H^e), 

Hh)}. 

(Pfi*)- 




Hu)> 

Hh)}’ (8'88) 


Corollary (1), From tho way in wliich the system of 12 nssooioted 
skew reotnngular pentagons is derived, it is clear, that the system is 
closed with respeot to the B-oonstniotion-, (3'881) i.e., by performing a 
B-construotion on any member of the system (corresponding to any 
order of writing down its elements) we shall arrive at another mem- 
ber of the system, It should be noticed that in the soheme (3'88), 
two sJieiv.rectangular pentagons (P,) and (P/) are derivable from one 
another through the B-construotion, when and only when, i ^ j, (Pj) 
and (Pj) are never connected by a B-construotion, and the same holds 

for (B,*) and (Pj*).. (S-S82) 

Corollary (2). Any two elements of a shew-reotangular pentagon, 
uniquely determine tho other three elements. 

This has been already proved {of. 1'70), when the two given 
elements are conaeoutive elements. It remains to consider the case 
when the two given elements are non-conseoutive. 

Let -{ai, ^3, «4i be the elements of one skew rectangular 

pentagon and of another skew reotangular 

pentagon whore — 

Oorrospondiug to these there exist two skew rectangular pentagons 
with elements {/(ag), h{e^), g{ei), h(^fg). f{s^)} and {/(^g*), h{e,*). 

Hh*). /(«**)}. But h{»2)=:?i(a2») and /(«4)=/(»4*) sinco 
Hence the two newly arrived at skew reot- 
angular pentagons have two consecutive elements congruent and are 
therefore themselves congruent (c/, 1'81), Consequently /(iVj) 

“/C®3*)' 9{^i)’^9{^i*)- Therefore 

*!“*!*• This proves our corollary, 

4. The plane reotangular pentagon ABUVW (Fig, 1) whose sides 
rookoQod in order area', 0, 6', I, m can be identified with the skew 
reotangular pentagon (Pq) with elements 2,, #g, by 

setting 

*2 = 0, = K «6=m, (8'40) 
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Using the results (2-42) it is easy to write what the elements of 
the 12 skew rectangular pentagons of the scheme (8 88) beoomo 1 
this special case. They are shown below in the following scheme i 

Name. mernente under the speoial assumption ( 8 - 40 ). 

(^o) { 0, b\ i, 


m 




hr 

2 


/A. a^ 


cl + 


(Pi) 

//I, 

(p.) I (( i-.,, i,, 

(P.) !!■ + ''• :<y. I. Kf-.), 

(P.) (V, a + ^|, 

(P«‘) ((-l-i), la. 113, 


^ I'r 


1>. V + 




(Pi») jh. m-(. |r, 

(Pa*) |p. + -ji 


(Pa*) o+|r, I -y k. 


in' 


2 ’ 


(P4*) ja. hi + ^, ((£,-. A), m + 


Of 


(P.*) 1 + 1', f(i-A «. 


+ ^. 6 [.(8.41) 


Now tb« mulKl .80) shows Wmli llio oxishmoo of Ho spoolnlisoa 
show rso sogulsr pooUgoo (P,) i. to tho oxistsnoo ol « 

pl»i.»«ghl.oogM Wooglo with Ujpotoao., o, aids, o ond b „od 
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Bangles X and ft opposite to these sides respectively. This is however 
the triangle ABC of Fig. 1. Similarly the specialised pentagons 
(Pi), (P3), (P4), (P;^) of scheme (3*41) give rise to the other four right- 
angled triangles of Fig. 1. 

Again the result (1*81) ^hows that the existence of the specia- 
jized skew rectangular pentagon (P3*) is equivalent to the existence of 
a plane tri-rect angular quadrilateral with aides 0, a, I taken in 
order, the first and the fourth sides containing tho acute angle 
this is however the tri-reotangular quadrilateral PQWS of Fig. 1. 
In the same way the specialized skew rectangular pentagons (Pi*)» 
(p2*)i scheme (8*41) give rise to the other tri- 

reotangular quadrilaterals of Fig 1. 

Finally the result (1*82) shows that the existence of the special- 
ised skew rectangular pentagon (Pq*)* is equivalent to the existence 
of a spherical rectangular pentagon whose sides reckoned in order 

ore ^ + y, + A, — a, ^ -f )i* This however is the sphori- 

2 2 2 

cal rectangular pentagon, which is associated with the plane rectan- 
gular pentagon ABU VW of Fig. 1, and whose elemeniB are shown 
in Fig. 2. 

We have thus shown, that the iwolve aBsootated aliew roGiangular 
pentagons^ Avlidae eUmenia are ahown irt sohemo (3' 88), can as a 
special case degenerate io the hnoxvn axjatem of asBooiaied figures ^ 
a plane reotangidar peniagoUi five plane right-angled, triangles and five 
plane irUrectangular qmdrUaieraU shown in Fig, 1 and one ephorioal 
reoiangnlar pentagon shown in Fig 2, (3*42) The point of interest 
however is that whereas the figures of the known system are of 
diverse kinds , the figures of the goneralised system are all of like 
datuTB, This introduoea an order and sxjmmetry in the study of the 
geometrioal inter-relations betiveen the figures of the generalised systemt 
xohich is completely unattainable for the known speoialised system. This 
will be brought out clearly in subsequent papers of this series, where 
also the bearing of the group theory on the matter, will be disouBsed. 

In conclusion! my best thanks are due to Professor Dr. S. Mukho- 
padhyaya for the keen interest taken by him in this investigation, and 
toProfesBor Dr. F. Levi for the many helpful suggestions given by him. 

Dbpahtmbnt of Pubs MATunwATioB, 

OP CALOOtTA, 
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The BTOEOr op Fikim Bebadih op Hammek Stbikipo 
A Pianoforte String. - ' . ' ■ • 

, Bv 

Dbbidas Basue 

The problem of the pianoforte string has been studied by HeM. 
holfe, Delemer Lamb, Kaufmann and Das reopntjy by 

Kar-dhoah, » It is shown by Ghosh « that the theory they have 
developed in a different way, is pprfeotly geajeral, and that all the 
previous theories are only special eases. It wa, Lord Bayleigh » 
who pointed out that 'mno allowanoa must bo made for the finite 
breadth of the hammer ’ striking a pionoforte string. However the 

^^eot of the finite length of contact has been , neglected in the general 
theory of Kar-Ghosh. o f 

la the present paper, an attempt has been made to extend the 
theory of : Kar-Ghoah to the case when the length of oontabt of the 
liaiauner with the string cannot be noglooted, 

We suppose that the hammer hos its plane surface facing the 
String and the portion of the string In contact with the hammer mevea 
as a whole parallel to itself. Thus the length of oontaot remains 
.^netant till th? Jituntner loaves the string. It is evident that the 
disp ooements at the two ends of contact must bo same, and the 
resultant of the tensions acting at both ends must balance the Imt 


pressed force, because at anyintermedlote pdntB tfie value of ^ i, 

sero. Let the length of contact be from «= a-’b n+b and 
et ye be the value of y at any poipt withlh Hkylmth 0/ mm 


^ Ghoah— Phil. Mag., XVII, (1984J. 

l -Rsyll^gh-iTheory of Sound, 1.191, ,• 

9 


i/O- 
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The solutions of the differential equation of motion of the string 
with the conditions that (1) 2/=0 ata;i=0, i/=y0*'’* ata!=»a— 6, and 
(2) y=y6j^P‘ at «— a+6, y=0 at x=l, are 


J/i = 


sin A (a— 6) 


pain A a: e*''*, 


from ajasO to a:=a— 6 , njid 


0) 


1 /a 




(2) 


sin \ 

if ‘be the periodic force, imparted by the harninor, we have 


r; ,%>; V T, \( .■ 

r * - n -Qa: 7 6®.- • ■ 




' J « ;tt J*, /* 


r ■ 


^ t ,4'). -»'• . . i.' . 


T j " * flin A (f-»2t) ■ ■ ( 

]smA{«-6). sin A (l--a-t) ,f ^ 


tpt 


( 8 ) 


Vi'l . -vl-;; ; r -J _ 

■wihdre iTi ia the teoaipn,: Substituting the .value of y obtained 'Irdiii 
(S) in (1) and (2), and replacing the complex exponential bysin p/v 
.a8:t|ia;raotion':i8 8tartQd with initial velocity, wo have, '^1 

“ ? sin A(l— «-6) sln^X ® sin pl, ' (4) 

vcfr ^ 1/3 ==? ; p sin A(o-r.6) sin A({-®) sin pt, - ■ , .(6) 

"where the 

G* ^-r ■ -- UJ -..7 ,:i. j- . ,• • .f 


r 

f.. 4 


-■^--SiUcethe-*forco is'dite-to the Reaction against the fthde- 

lerotionof the mass M, we have F«Myp*; so that from (8), we gk 

'^,v ’7’ 8™ MA 8inA{a^6) ainA(l— a— b), . * (6) 

^Ni^fiere M is tho^masrof thb-load,^ p-is tHbiinsW dehsity .of'tbe.dtritig 
and p*oA, 0 being the velooit;]^ of the wave. " If'thc HarntpeB, stakes 
■yery near one end, i.e,, 0 — ►o and ; gnc^8il,jvg, j^ritfl; f^r 
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sm .^(ft--6) and J for (Z-rr26) •and also . for (J-a-b); . then from.fOV,.. 

_ . a/ . P iC a/' % . ' ' ■ 

M (a -b) - j- V M (tt - 6) • 

The dur&Uon of contact ‘5 ia given by 


(7)-' 


,(& = . / M la-b) 

^ Tr 


■ ! ( 8 ) 

Next wo proceed to evaluate the arbitrary oonstant F. On difforen- 
tioting (4) and (5) with reapeot to time t, we have at t=0, 

(^i)o = FoA Bin A(l-a-6)8inAa), (0), 

’ (jla)o= I'cA ain A(tt-b) ain A(f-a!). ■ (IQ);, 

Aat’f ia«ota I?ourtoj'’8 sevios, the arbitrary oOnstant can be enaiily*' 
evaluated after Kar , by multiplying with pdx and integrating, 

Then from eqa. (Q) and (10), wo have roapeotlvoly, ■ . , 

Jo /’(j^i)o da; = PcA sin A (l-a-^b) /g p elhi Aaj daj, ’ (11) 

Ji f>(j>a)o da> = PoA aiu A (a-6) p ainA (1-*) da. (12) 

At i(jli)o o>id («; 2 )o ^£‘''0 values only between the range ap'd to 
«+ 6, wo get in the usual way * , , 

Pof* (^i)od® » PoA8inA(f-a~b) [po/“ sin Aada 

■ ’ + p if*'-* sin Ace'did];'" 

, : Po Wo d* “ PcA sin A(rt-6) [po f’"**’ sip A (l-x) d «7 

a 

+ P r^j'sin A (I-'is) da] , (14) 

where po is tho linear density of the string within the length of oon- 
taot'ahd p it's lihdar density^ between bho‘ rangos'O to-o — b .and.,fr+ b 
tol. Aftor.intagrating (lO).aiid (id) ahd adding, wo got,, ■ -li) - ^ f,j 


MV « Fop 


i' 


% 

*1 , 


sin X(a~b) sin A (l-a—b) — sin A (1^-26)' '' 
+ sitii A(f— 2b) sin A (J-a — b) cob A* 


1 


- ^sin A(a--b) ooa A (l~a) 


( 18 ) 




< 'I 
t 


1 Kflr— Iftd. Phy/'Math* Jottr,, HI, lOBf (10a9)y 



t)\ "iASU 


M Is maifi 6f the hamitic^r, V is the Initial VblooUy 6f the 

same, Writing oos A and cos A + for cos Ad and 

o6TIA(l-a), respiaotively ahd -Expanding sinAh and oobA6, neglecting 
the higher terms than 6^ and with the help of eq. (6) the above equa- 
tion reduces to 


MV 


Pep 


B‘ii A (a-^b) -h sin \ {I*- a •--})) 


+ Po, sin A (J-2&) 
p 2 


(10) 


Substituting the value of A^ ih (16) from oq. (7) imd os 26po — M, 
Wo have after Bubstitu ting the value of P from (10), 


tsat ^ . sin A (i-g - 6) BmXtc, s in oAf, 

Bin A (a - h) + sin A (I - a - 6) -h j^^sin A(J - 2b) ’ 

, ^ MV i Bin A (a~b) sin A {l~x) sin c\t 
1/a - — ^ 


°P [•ia‘A(a-6) -h piaA(i-o-i() + 


fisiii Al/— 2i)j 


And the diEy[ilaoenaent o( the loud is given by 

Bin A (l-a*-*6) sin A (a~-6) sin oA< 


. - MY 

Vo 


“'■'.toA (.-H +»i„i(l-.-t)+ 


,(17) 


(18) 


(10) 


tphti AtuldtlttA (10) ifl further, simplided by writing I fot sndi 

(ilso for (l-2b) add A (a-h) for sin A (rt-6) Bfid Al for sin Ah 

!tho approximate solution beoomes 



V 

«A ‘ 


BipoXf ■ 



( 20 ) 


where it involves aUo *b‘ (eq, 7), but as substitution of the value of 
A from eq (7), iftVfilvea nd oimiplifloatkmi the expression Is put as suoh 
to avoid the square-root sign* It is easily seen that if *6', ioMoh oan 
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not have values greatet than ‘a*, be inBnitiesithally ettiall, so that tdtos 
involvi^ig '6' can be hegleoted, eqa, (7) and (20), also (17) and (18) 
deduce to the formulae obtained by Kar-Ghosh*! We may also note 
that in their formulae *a* is taken to be the length of the shorter seg* 
ment, but we can interpretit as of the proeent investigation, 

because actually the portion of the string from.*<i-d* to is £i0t free to 
Vibirrtte as a part 6f the shorter segment. 

It is also worth noting that if If the hamiii6r*e breadth 

extends bp to the nearer bridge, then from (8) and (20), <&±i:6 tod 
Vo^O, in this case the hammer strikes the wire and rebounds back 
immediately without etfeoting any displacement of the string. If howevef 
^6' decreases from the above limiting value, both ^ and j/q gradually 
increase till they attain the maximum values given by Kar-Qhosli fof 
Thus the finite breadth of the hammer has the mportant effeoi 
on the duration of oontaoi as well as on the maximum diaptaoemen'^. 

It is evident that in the present investigation, the plane of 
curvature of the hammer head is taken perpendicular to the length 
of the string. If, however, they are in the same plane, which is 
actually the case in a piano, the value of varies continually from 
zero to a maximum and then decreases to jsero when the contact 
ooases, The rigorous solution of the problem is in progress, and will 
be communicated in a later issue. But a rough method may be 
given here in which we assume that instead ol 'b* varying qontinually 
from 0 to and then to 0, the hammer has an average length of 
contact ifhmax throughout the duration of contact. Now ‘h* stt|ft|na 
its maximum value when j/o maximum. So we oon write |rom 
geometrical conditions, . 

where r is the radius of ouivature of the hammer, Substitutihi^ tlhS 
value of from eq. (20) in' (21), we get apprbii'matelf^^^'^^^^^ 

leoting the ohw'edtion itt A, and (j/o),,,#* for finite length of oontiwt and 
also writing f for J- a), , - 



» K»r. Gk..b-Phil. Mag., IX, 809 (19fi0). • 
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Subafciliuting this value for 'b' in eq. (8), we get 



^6 find from oq. ,(28)i that <h decreases na 'r' or ‘V' inoreasoa. 
The experimental side of the problem of the pianof orte has , been stu? 
^ied by many worhers'* including Kar-Ghosh.® But the effect .of the 
bTeadthnf the hammer on the duration of contact has not yet been 
studiedj-horoughly. As regards the relation of <J) and ‘r’, Ghosh® has 
foynd tha!t fpr the mid-poinii O) increases ns ‘.f’ increases. But it will 
be enough t|) point out from the .disoontinuous manner in which <I> 
p^anges with.^’ (vide ' pago^ 8 ^^^ Ghosh’s paper) that, the present 
problem for 'near end ’'boars 'no relation .with the problem studied 
by Ghosh. . However, the deoreaso of^.j/o with the increase of. ’r’.,, as 
predicted by the theory is supported qualitatively by the experiment 
6 f Kor and others. * As their experimental moasuremonts are not 
very acournte, a quantitative agreement oannot be expected. 

■ We 'm'ay remark that the variation of with 'V given by (28) 
Must hot be confused ’ vvitli'a similar voriation observed by Kaufmaim® 
and Ghosh® in. the case of felt hammer. Ghosh® hos latef on studied 
the ]|)rot)l' 0 m theoretionlly by applying Horlia’s low of iMpnob holding 
fora oertdin time during contuob. ’ But’ oven [a His thodry the effect 
of the length 'of contact (which increases froth 0 66 some maximlint 
value) is not tdkoh into account, The author hopes lio disouso the effect 
of the letigth of oohtaot ht the centre, in a differont^oramunioablon. 

' In oOhblufilbti, I. tmist express my sincefesb thanks to 'Prof. K.‘ 0, 
Kor, D.So. for suggesting to me the problem when I drew his obten* 
tlqtt to the range of opplioabiUty of his owti theory, ond for his oontl* 
Dual guidanoe and inspiring suggestions in the ooursb of this work and 
also I must extend the some to Prof. M, Ghosh, M.So., A, Inst. P., 
for tb^'inljerest he took in the work. 

' * Jit-Por oomploto rflteranca, Vide Ghosh— Ind , Jour, Phy. YU{ 1983), BC6, , \ 

* Kar-Ghoah — Zeit. f. Pbya,, 6B (1980), rfM, ; ^ jj. 

» M, Ghoah, too. oil. 

* Kar, Ganguly, .:tiaha, Phil, Mag. V (1028), Mr, 

( ' s'KaMmann. Ann. d. Pby, 8« (1896), 

* M. Ghoah, Phil, Mag. XYH (1084), 581. 
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On the solution op Laplace’s equation suitable fob 
PROBLEMS relating TO TWO SPHERES TOUGHING . , 
EACH OTHER* 

t ■ - By . ' ; : - — 

S* GhosHj 

Introduoiion, 


In a previous paper,* Jeffery lias given the solution of Laplace*s 
equation suitable for problems with prescribed conditions on the sur- 
faces of two spheres, which neither intersect nor touch each other. He 
starts with two systems of orthogonal circles in the plane of the 
members of the first system passing through two fixed points on 
the fs axis, and those of the second system having these fixed points 
as their limiting points. His coordinates are then obtained by rotation 
about the axis of ff{ so that one of the systems of ciroles, generates a 
system of ooaxal spheres with a common radical plane. But, it we 
start with two orthogonal systems of ciroles in the plane, touching 
the axes of sr and ro'^peotively, then by rotation about the axis of ffi 
the system of circles touching the cr-axis, will generate a aeries of 
spheres touching the plane ^ = 0, Employing^ these coordinates, 
we get in this paper, a solution of Laplace's equation, suitable for 
problems, whore the boundaries are two spheres touching eaoh other, 

■ '7' ‘ ' s ' ■ i _ . , 

, i -Coordinates, — - * 

I . •. v ' • , ' ^ i 

Let a S)'ateni 6f coordinates a, y be defined by 


a4t(j != — 5.— , y « tan^l 




\\here p = + Then 


as 




2 * 


0 a. 



,s + ^a> - P- • 

£ . -:r 

♦ Proo, Roy. Sw, (Ser, A), St> 109 ^\ 
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The surfaces y — constiaafc are planes passing through the ^-axis, 
In any meridiaual plane y, the curves a = ooaabaat and /9 =* constant 
are two systems of orthogonal circles, touohing the axes of D and p 
respectively, at the origin, The surfaces a =■ constant are, therefore, 
spheres touching the plane of xt/, at the origin. 

We have 


1 - / 9/> Y , ( \\ 

yda j j (a8+y32)«' 

SO that 

. a2+^„ _ /8 


Solution of Laplace’s oqmtion, 

In orthogonal curvilinear coordinates, a, /?, y, we have 


a hlhihg 


9ft \ 



9 ( hj 


(4) 
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SO that Laplace's equation 


« 0 , 


reduces to 

-L f -5^ - 0. 

a.y d|3\'^ dfi) ph‘ 9y‘ 
Substituting ip = xl '^P (®)' simplifying, yi^e find 

Hx+ 9ix_x/ 

2p\Qc,^^ ip^l\da j 

Eemombering that p-^k is a function of a+ijS^ we have 


8 V , 9 V = 0 


'M + -^ = A, 

da P’ 


FO that (7) reduces to 


J_( JC. 1 = 0. , .. (8) 

QH''^ p-^h\dy--‘^ 4) ■ ■ 

i 

I-et us seek a solution of tbo equation (8)p of the type 
ss: UV COfl (wy 4- 0)1 

wherej U is a function of a alonSp V a function of p alone and w is a 
positive Integer, Substituting this value of x (®)> simplifyingp 
we gob 

V da^ d/3* ^P*h*l4 ) 


If l/p®h* is of tho form / (o)+F (/3). then 


BO that U and V are known* • 

xo 


s. dnbSH 


In out oaBo, ph ^ bo that U and V (iro dcfcotirilnad ftotfl Iho 
j^^uations, 

-V S- - 

' y I * ' 

Then U = cosh na-l-li„ binh na, 


- . > -ij!'* W - 0. 

*\^ 0> j 

Putting V ~ »/l3.v, this equation booomeB 


BO that 


(W P 


V ^ Jtn y«| (h^), 


whore */,„ and 7,^ are Bessors functlonsi of order ’»i, of lUe firftt and 
the second hinds rospootivoly* 

Thoroforo, we have 

00 CO 

th « OOH (wy-l-a) S [{A«„„ cosh itu'V B„,,„ sinh au} 

«j»»0 

xJ,„ (n/3) + {0,,„„ coBhna+D„,,„ BinUna} y„, {n/if)]. (0) 


Stolm' Siroam fmiolhtu 
In the case of sythmotry, about the a-axia, 

00 

^ w S [{A„ coshna + B,, BinliMa} i/fl (n;3) 

npQ 

+ {0,4 coflh nft+I)« Binh na} Vo (»/^)]« (10) 
If ^ StokoB’ btream fufidtioto, 


JJ! ^JL , M « » i. At , 

9# p dp dp p dk 



fiottJ'riON olr laflaob's equation 


80 that ' 


Q<l> „ 9p .■!, ^’t> 

0a ' 6“ 98 ' 9a 

= 9g .1 8^ 9p 

p 08 ' 9;8 p dp * 6/3 


1 0^ 

*S5 U . 

P 9/8 ' 


01/) _ 0(/t 0p ... 0? 98 

0/3 0p ■ 0/3 08 * 9/S 

_ _ 1 9^ 98 _ 1 9^ 9p 
” ' ~p ~dT ‘ 0a p 0p 9a 


1 M. 

p 9 a 


ABBumiug^ to be oontinuous, we have on elimination of 


0 / 1 9>^ 

0alp 0a 



'l m] 
/ 9^y 



Putting V'“ v'P'V''* this equation becomes 


a s^r a 2^/ _ 8^ 
■ 9 ;^ 0/9® " 4/32 


0- 


(11) 


rtwe aesume f=.UV, where U is a function of a alone and V a 
fiinolion of j8 alone, we get 

1 JL ^ 

~ Vdj82 4(82 

= constant = ~ (say), 


U s= o„ cosh na+ b„ einh no, 


eo that 
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and 


aEogM 


d/33 \ 0^1 

SubBtituting V *= (12) becomes 


d|82 /3 d/3 r i32 / ' 


80 that 

Therefore 


t) = a'Ji(0) + b>„Yim. 


B 00 

V* “ -TToVoar^ [(®N cosh na+b„ sinh «a) Jj { 0 ) 
y (a« +p-*j M«o 


+ (c„ cosh na'\ dn sinh «a) Yj (n/3)]. 


l PAUTMIINT OF A PPM fiD M ATH 14M ATI CB , . 

UNJVEH81TV COI-LKOB OF fiClBNCB AND 'I’EcnNOLOOV, 

Oaloutta* 
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Note on the transveusb vibration of freely 

SUPPORTED RECTANGULAR PLATES UNDER THE ACTION 
OF MOVING LOADS AND VARIABLE FORCES 

By 

Bibhutibhusan Sen, 

1. Introduction , 

The kaasverse ost'illabion of beaixiB under tho aotion of moving 
loads has’ boon tho subjeofc of considerable roaearch* in connection 
with the study of bridge vibrations. The object of this note is to 
consider similar problems in tbe case of a thin rectangular plate, the 
edges being freely supp orted. The vibration problems of such plates 
without any load have simple solutions ond have been thoroqghljr 
treated by Lord Rayleigh, t 

In this paper we take 

the thiokneas of the plate = 2h, 

the Young's modulus == B, 

the PoisBon'a ratio «= 

the density of the material = pf 

the small normal deflection and 

the transverse force on an 

element of area = Z, pfiS^h, 

m 

^ See, for example, the paper *' On the forced vibration of briajfaa^V;(:iy 6, P, 
Timoatenko in the PhlloBophical Magazine, Series 0, M, (1922), lOJi arid oliw the 
paper ‘*On transverse ogoillations of beams under the aobion of moving loads *V by 
A. N. Lowan in the Philosophical Magazine, series 7, f0'(198B), TOS. 

f Theory of Sound, 1» 671. 


Then the equation satiajBed by the transverse displaoemont xo is 


or 




D - ? {Xi y, t) + ^ = 0, 


whftte 


D Blands for 


B 


aad 


3 /> ( 1 - 0 - 2 ) ’ 

<p (x, y, i) stands for Z . 

If the boundaries of the plate be taken as the lines 
aj = 0, a: = 0, j/ = 0 and y = b, 
conditions for supported edge are 
w = 0 


+ (T lil" ■= 0 


when a; = 0 
and a; = 0 , 


to =“ d 

02,3 a®2 “ ® 


when ^ 0 

and y b, 

2, General of tho fiqx^fitjon^ 


U we assume 


(fc 00 


la S 21 (0 sin sip , 

fn«i H-<i a b 


( 12 ) 


(rs) 


(I'd) 


(i'6) 


( 2 ’ 1 ) 


where Qm, '(<) is it function of i and ‘w’ and 'n' are positive in- 
ibg'eira, we find that the boundary oonditions given in (1 '4) and (1*6) 
are satisfied. 

' • Wis now Btippose thst it is iJOSBlblO to oppress f (a); y, i) In tho form 
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Then the equation (1’2) will be satisfied if 




+ -1^- ) Q»« W “ fm m =0 . 


l.fl., if 


(!L + p„„8 (i) ^ 


dr^ 


2 ^2 


TT 


in whioh 

The general solution of the equation (2'fl) is 


(2=8) 

(2-4) 


Qmii (^) 


r 

Pfnn J , 


sill Pmn (i-'W) (w) du 


+ A,„„ cos t + Bin p,„,» t , ( 2 ’ 6 ) 

A>rt,, and B,^,, being arbitrary ootastantB, 

8* Solution for a pulaaiing force acting at the poini 

It 0 (cc, y, i) Z j Bin pi at (he point (^, i/) aptl 
vve have by hqnnf)ti o analyaU 


i'mu (0 = sinpUin sin , 




which makes 


W = ^ .ii .t» 

at) (I u Pmn 


!-f 

j„ 


sio Pmi, dti 


- Bin «in iin. r ?>,„« siniJ^-p sin p,„„ i 1 

i&’») 

[The arbitrary oonstants A»,„ ftijd B»,n ‘wjll Ipe ^ero, if it is assumed 

that w; = = 0, when f = 0.] 

■ ::■ ,r;;i ■•;'.• ■ ■. ; l,. 

Then the expression foF Ji» wifi be , . 

„=%1 ^ P- r 

ao m-l «-l Kn (Pm* "Py ' a ■ 


!';• .' 


X Bin 


2*21:® Bin ^ 


1? : 


(8‘8) 
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B. B* Bm 


U !or oorbaiu values of m and n 

PmH ^ P t 

the expression (8 *2) is ladofcominate. By writing 

P “ PlM« P^ 

where p' is vary small, wo obtain, from (8'2), 


%n{i) 


»» ^ sm Bin “ 

ab a b 


i • X fPinw (bid Vm« COB p„ ,„ j) - (p„,n -?)') rijg p„.„ I \ 

v,»u V' (‘-jpti.N-p'7 ' ■ ' 

to tho fii’sli ordol* in p' . 

Malting p' tend to zero, wo hnvo 

( 8 - 4 ) 

In the apooinl o«9o whou a puleatiug load roaonatoa with a natural fro* 
quonoy of the pinto. 

Tho term Pm in tho donominator of (8'8) ahowa that 

If the applied froquonoy is Iobb than tho gravoab natural froquonoy of 
tho plato, tho soriuB is convergont, and tho first term in the aorlos, 
namely, that ono obbninod by putting mal and n«=l, will bo prodomi* 
nant in tho ooinploto oxprossiou for tho doflootion. Thus, unloau blioro 
bo rosonanoo, wo onn write as a first approxiinati jn 


w “ • 


ab p 


n 


Ji54« 


.?3-) 


- [p| 1 sinpf-psinpiif] 


. TT^ , 

Bin - sm 
a 


ITiJ 

T 


xsin^^sin^Jt, 
0 0 


whera 


Pi\ 






(fbfi) 


(8-0) 


It tho froquonoy of tho applied foroo roeonatos witli tho gravest natu- 
ral froquonoy of tho plato, wo have approximatoly 

P 11^*” Pi 1 ^ Pi I t] Bin ^ Bill ^ 


tv 


X sin ^ Bln ^ . (B‘7) 
u p 
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We find in (8*2) that there are two terms within the braokofc, of which 
one is proportional to sin pi and the othefc proportional to sin p^n i • 
The former give^ the flame period as the disturbing force and represents 
forced vibrations of the plate. The latter represents free vibrations 
of the plate produced by the application of the force. These latter 
vibrations due to various kinds of resistance will be gradually damped 
out and only the forced vibrations will persist. Then we shall have 


^ ^ ~ 1 

ab 


sin sin 


nnn m^rx 
___L sm 



X Binpt. 

m 

If the pulsating force Z is varying very, slowly, pis. a very small 
quantity. Then neglecting in comparison with and putting 
-wi— 1, n=l, we have for the constant load Z, the approximate value‘s 
of 


. 'irfi . iTM , 

am -^^sin -T* sm 


^ sin ^ 
a & 


abpn'' a b a 6 • 

In the particular case when the force is applied at the middle of the 
plate, the deflection at the centre is approximately 


Again, retaining only the first term of (8*8), we have 


4Z 

'ab (Pii*- 


5 • . TTM Traj ttW 

75 5^ sin sm Bin — sin ^ 

a b a b 


Hence wo conclude from this result and (8*9) that the ratio of 
the dynamical deflection to (w)i, the statiosil deflection is roughly 


,;(»h 1 -P®/p!i * : 


( 8 * 12 ) 


Let U8 Bupp 086 , for insfcanoe, that tha frequency of the fundamental 
mode of vibration is five times as ^eat as the frequonqy of the distur- 
bing force. Then the dynamical deflection will be about 4 per cent, 
greater than tire statical defleotiom Pre^eeding in a similar way, we 
oan find the effect of several pulsating forces acting on the plate, flS . 
the resulting vibration will be obtained by superposing ifee ylbr^tion : 


produced by the individual forces, , ^ 

• Hjg lesulKoi the constant load oan to deduced dirooMy. 

11 
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4. Oontirmoualy distributed pulsating foroe. 

If the plate be loaded by a uniformly distributed load of intoneity 


Z ==> Zfl Bin pt , 


m) 


whore Zq is oonstant, we can deduce the expression for the deflection 
from the expression obtained for a pulsating force applied at a particu- 
lar point. Multiplying the right side of (0’2) by dt/ and integrating 
with respect to $ and between the limits o to a. and o to b respeotively, 
we got 


Qmti (f) •“ 


4Zq 


(l-oosnur) (1 - OOH Wir) 
Pmn (Piiim^ P 


[p,„„ sinpf-p Binp„,„i], 


which gives 


tt/sa ^^0 ^ ^ (1 - COB m it) {1 —QOS tHr) 


x [p,,,,, Binpf~p8inp,„„f] sin ~® (4'2) 

(I u 

This seriQfl converges very rapidly and on retaining only the first 
term, we arrive at the same eoYioluBiou as in (0’12), 

6* Oscillation due to a oo7i8ianl inovinp loads 

Let ufl now consider the problem of tv constant load moving 
parallel to the axis of x lioross the rectangular plate with constant 
speed i;, the load starting from the point (0, 6/2), Then wo can 
write 

= lllain ’"J^sinJSp, { 61 ) 

whore 

Zq X p X 2h »=> load per unit area, 

, ^ ~ vi, and 



Assuming that w ^ » 0 when fwO, wo have from (2 ’6), 



TBANaVEnSE vibration op SDPPOE/TED UEOTANGtJIiAR PIiATES 


Q.. (() . IJslSEM! 

PmnttO 


i' 

1 


Bin Pmn Bin~--udu 

• fli 


4Zo BID mr ]2 






m-TTvi imrv .■ 

Cl a 


\ 


2 


whonoo wo obtain 


oo oo 


4Zo 


a 


nw 

Bm^ 


(5-2) 


ab m-i ,.-i / w2^2«a 

P»i»i( Vmn p 1 


. mvrvt inw . • 

Vmn BIA Pmn^ 

a a 


mTTx * fiiry 

sm • — X 

a b 


Bin sin ( 6 ' 3 ) 


If tho velocity v bo email, we have approximately 


w 


4Zo 

flb 


Pu Pi? 


1 


Vii sin 


o* y 


]: 


t. X sin — Bin^s .(S'i) 

■•/■ a Q " 

ABBuming that in the most unfavourable case the contributions 

made by iJbo amplitudes of Bin and sin are added to one 

a 

another, wo obtain for the maximum cTefleotion 



This result has been obtained on the hypothesis ^ that there is no , 
damping and hence it le ovid^ntf that thi^/ value of- ipaximum,; .^flec- 
tion is somewhat exagg^ated. o 
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By inoreafling the velocity v, a condition can be reached when one 
of the denominators in the series (6*3) beootnes equal to zero and 
resonance takes place,' 


Suppose Pii « 

a 

Proceeding as in section 3, we obtain from (5*4) 
^ 2Z 


to 


Zq * • 


I Pll* 

This expression has a maximum value when 


( 6 ' 6 ) 


sin Bin . {6-7) 
a 0 


i = 




Then 


Pii 


w = 


Bin sin? . 
ooPi I a i» 


(C-8) 

{ 6 ' 0 ) 


We fin(| from (6*8) that this maximum 8e8eotion takes plaoe when 
the load is leaving the plate and at that instant its value at the 
centre is 


(w)r 


2Zo7r 

abpiiS 


2Zqv a 
ti2 6* 


On comparison with (8*10) we find 

Hr 

H, 


TT 

5* 


( 6 * 0 ) 


(6*10) 


We can also obtain the deflection when the load moves along any 

other line' across the rectangular plate.. Ab for instance, putting 
{ « and V = Vjjt in (6’1), we eta determine the displacement 
When the load moves from the origin with the velocity which has 
components Oj and Vg parallel to the a-axis and jz-axis respectively. 

In this case 


»n(0 — 


- r . 

a6p.„ Jo 


Pmn(i^u) sin — ii. u sin ^ 
c 0 
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( 6 ^ 1 ) 


Qmn{i) being found, the expression forty can bo written from (2'1), 

6. Moving putsatinff f Otoe, ^ 

The next case that , we shall oobsider is that of a pulsating force 
which travels along the plate parallel to the axis of x, starting from 

the point (0, ^ Then we can write from (6*1) ^ 

^ sin Dfsin 8m (6.1) 

where 

Stt * 

^ « period of the pulsating force, and 


u « the velocity of the load* 

Substituting this value of in the first term of (2*6), we 

obtain ■ • ' , , 
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13. 11. Bim 


II tho fluctuating pressure bo duo to tlio impaot of tlio whool run- 
ning on the plafco, O, the angular velocity of tho whool will bo propor- 


f2 U and 


tional to v, There aro two harmonic oompoiiGnts oob' 


flit in tho above expresBion for Q»,«(t). The 


frequency of tho second component will resonate nt a lower spoacl of 
travel than that of tho first and honco tho rosonanoo will occur first 
when 

n + ^ « Pii. ((V8) 

The doflootiiou is ilion npproximntely given by 

to aq — .f.l— t Bin Pi i t Bin -- sin (0'4) 

fthpii « 6 ' ' 


It being ABBumed that ui 


« 0, whoa t = 0, 


The time fcivlion by tho load to oross tho pluto is afv. 

So, at tho inetant when tho load is leaving tlio plate, wo linvo 


and tho doflootion 


Honoo, at tho instant when tho load 1 h leaving tho plate, tho ilofleotion 
at tho contro is opproximatoly 


Zq 

ab 2 )ii“ I V 


+ ir am- 


7 1 Oonoluahn. 

In tho foregoing aootiona, Bovorol oasoB of foroed vibrations of 
freely supported rootaugular plotCB ore conaidorod for dotorminiiig 
tho doiloction oouBcd by tho moving loads and variable forcon. Tho 
approximate roBults given in (ilMU), (fi'5), (010) and (0*0) aro of Homo 
praotiool interoBt and they bavo tho aame dogroo of noouracy oa tlioao 
obtained for tho boama by the provioua writora, 
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An infinite INTEQRAIi involving BKSHEIt 
PARABOLIC OYDINDUR rONCT'lON 


FUNCTION AND 


By 


B. B, Vauma. 

The object of this note is to evftUmto an inilnito involvinfi 

Bessel fuDction and the parabolic oylindcjr fuucl ioii, Wo > k\ll icQuiru 
the following Lemmo ; . > 

oo 

p- 0 (*) 

0 • 


when 11 (m) >0, B(n)> -1 and m-n Ja not m \niegm 
To prove fchis^ wg usg Wliitfcakcr^B intogiuU^ for Kfi(^)i 


oo 


D«(*) = .~j— f o -4*“ r”"’ <u, [ii(tt)<:o]. 

r(~n)0 


We then ImvG ' - 

oo 

Jo 

oo ■ 


oo 




oc 


' 0 
oo 


= -j_f r'c- 




Vo 


* E. T. Whifctnftflf : On tlie funotiona OBanoiatod w3lh tlio pdfftboUo oyiiodor 
in harBOonic anttlyBia> Proo, Lond. Math, B<>C4 (1), 3^0 (1003) | 
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ohangB in the order of integration being obviously permissible, 
oo 


r(w+l) 

r(w) 


f 

Jo (!■+')"■ 


dt. 


Expanding e ^ in powers of t and by the help of the integral 


cx: 


J, TW^ ’ 


integrating term by term, a process easily justifiable, wo at once 
obtain the required lemma. 

Now consider the integral 
00 


I = j* D_,„ (a!)J 


(xa) clx. 


Expanding J Jxa), wo get , 


oo 


I = f a!'*6 

Jo , 2''’''288lr 


V + 28 


-dx 


l“0 2'' + ^® 8l 


X) 

I/+28 r 

r (v+8+i) Jo 


ir(v'i-8+i) 




the process involved being easily justifiable, 


00 

- 


(-)*« 


lrtV + 28 




.•m-*w-v-28~l 


.-0 2’'+2s 8 lr(v+ 8 +l) r(w) 


X 3 Mp^y 

mo r 1 


r(m + 2r) r (n-l-vl-28-2r "■Hl'I-l), 


whore we have used our lomma established abovo. 

, The second series has a moaning so long as w-n-v is not an 
integer. Since both . the infinite series ar? absoluMy oonvorgont 
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when I I ^ 1 75 I and | p \ <1 we can write 


r- f ^ r (2r 4- m) 

\ ^ / r i'^) “ 0 r I 

^ ^ {~)'’a^‘p-^‘r (n + v+2s~2r-m + l) 

28> 8l r(i'+s + l) 


Y pm-w-ij-l 




p ('Bl-)p (v'hl) rwQ r 1 


r (n-l-v-2-w -hi 


iH-1 


true when R(?n)>0, R(^i)> — 1 and — v is nob an integer. 

In particular, when a=tpand v is of the typo 21 + I 

being an integer, 

CX) 

Q - PaJ + J ^ 

0 

r r r (v - + t>i) 

( - i, im - ir^ + i 

( ~ 'Ju — -Jv, — 17^ 4v + ^ , Jv — -Jw + Jv — + im + J 


12 
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On some Two-dimensional problems op Elasticity 


By 

S. Ghosh, 


Introduction » 

Particular problems of generalised plane Btiesa in annular circular 
plafces under the action of isolated forces on the boundaries, have been 
considered by Filon’^' and Sen'^”^* in two important memoirs, mainly ip 
coDneotion with the determination of stresses in circular rings under 
the action of selLequilibriating forces on the rims. In the present 
paper, other interesting oases of generalised 2)lane stress in circular 
discs, are considered, in which the weight of the disc is not neglect' 
ed. In the first case that is considered here, the stress function is 
found, for a heavy circular disc, resting in a vertical plane on two 
smooth pegs, either at the same horizontal level or at two different 
horizontal levels. In the second case, a determination is made, of the 
stress function suitable for a heavy circular disc with a concentric 
circular hole, resting vertically on a horizontal plane. The problem is 
then modified, by applying suitable surf ace*- tractions on the inner 
boundary, so as to apply to the case of a wheel to which a load is 
applied by an axle fitting into it. 


1 , VGriicaldm resting on iioo smooth pegs, 
Wg take the centre 0 of the disc, as origin, and the 
vertically upward direction, as the axis of Let A 
and B be two pegs at the same horizontal level, and 
lob OA, OB make the same angle n^o. with the 
vertical Ooi, on either side of it. 

Assuming the disc to be in a state of generalised 
plane stress, the stress equations of equilibrium are 


ax.. 


= 0 , 

0 ?/ 


0X„ ^ ay 


ox 91/ Qx ' dy 

where w is the weight of the disc per unit area. 


0 , 



* Tho sfcroflfles in a oirenUr ring,'* Selected Engineering papers of the Ijisfci* 
iition of Civil Engineers, No. 12 (11)2/1), 

On BtresBoa in circular riags tinder I3ie action of isolated forces on the 
im,*' Bull. Oal. Moth. Soo., xxil, 57*55. 


B. (niosti 


m 


These equations are Batisfiocl by 
8«X 


X, 


Hence 


g-g- +4 Xv ■= |~^“4 


V^X = X,, + Y„ - 2(V-I-/'')A. 


( 1 ) 


where A' is the plane stress constant and is equal to 2A/</(AH-2/t). 

It is seen from the oquatioHB of equilibrium, in terms ol the (lis- 
plaoomonts, that 


BO that 


V® A e= 0, 

V^X « 0. 


( 2 ) 


Now the stroBB system (1) can bo divided into two i)avtB, the first 
duo to the stress function x and the second duo to tho terms contain- 
ing w, "When expressed in polar oo-ordinntos, thoy uro rospootivuly 


n « i M , 

Q^a r 0r ’ 


ga 

e 


> 



(») 


and 


rr ^ i tor COB d, dd*= — iwroosd, 

r? - -{wr Bind. 


(4) 


Tho disc is acted upon by two equal foroea P at A, 11 along AO, 
BO rospootivoly. Wo have then for tho equilibrium of tho disc, 


2 P'coB o «= 

whore a is the radius of the diso. 

Ijct xi 1^0 Hio stroBB function duo to tho force 1? at A. 

Then 

P 


(fi) 


Xi 


rj d] Bindj, 


{(1 



OK SOMil TWO"DIMBNSIONAtj PROBLEMS OP ELASTIOITY 


where 01 are the polar coordinates of any point of the disc, 
referred to A as pole and AO as the initial line. Let this point of 
the disc have polar coordinates r» 0, when 0 is taken as the pole and Ox 
as the initial line. 


The stress function gives rise to the stress system 

2P' cos 01 fTh -a 

TT r 1 

At any point P on the boundary of the disc, 


rjL *= 2a cos 01 , 2 0i— 0*ha, 

and the direction cosines of the 'directionB of r, 0 with respect to those 
of I'l, are respectively 


(oos 6, sin 6) , (-sin 0, cos 0). 


Hence in (r, 0) ooordinates, the stress system at a point P on the 
rim, due to (6), is 


rrr= 


— {1+coa (0+a)}, 
2)Ta 


00 y= 


— {l-cos (^+(»)}i 
2ffa 


r5.= 


■ ^ ■ sin (0+<i)i 

2ira 


(7) 


The stress function xs P at B, is 

= - — r^ 9 <i sin 02, (Q) 

TT 

where r^, 02 are the polar coordinates of a point of the disc, when B 
is taken as the pole and BO as the initial hue. 

As before, we calculate from (8). the stresses in (r, ,0) coordinates, 

at a point P of the rim and we obtain 

1L{H-cob (0-o)}, 

27ra 

--^{l-COB(0-tt)}. 

JsTTa 

^?= _^sia(0-a). 



s. cmoflit 

Adding (4), (7) and (0), wo have at a point P of the lim, 
57 = .J wa ooH 0 - (i -I- cos 0 009 «) . 

'frCl ' 


00 = wa CO0 0 (l-coa 0 cos a), 


Tta 


rO 1 wa Bin 0 'h ^ sin 0 cob a, 

wlilohreducQ to 


mi 


TV 


. 15 ?= 0 , 

iril TTd * 


(jf») 


if wo tnko account of tho i-olation (/)). 

•Lot us now introduoo n sfci-osB function 

, . , . Aa = Ar2, 

which givoa 




rr = 2A. rO = 0, 

80 that if wo choose A ^ tho boundary Btross diBannoarn 

except no llio points A and B. aiBnppwuH, 

Thorofore 

X “= Xi •l-Aa-l Xai 

Btitisflos nil tho conditionB of tho probloiii. 

i t.,„, 

nmn \ * A UOiR =s Horo tlioroaothms of tho pe«B 

‘ and Pjj rospootivoly, Then for 

equihbnuin. wo must Imvo '-non, loi 

I’l 003 a-hPg COB =5 TTU^IO, 

Pi sin a = Pg Hin fi, 

which givo 

Pj «. ^«^'" OO0(.Oa „ COBOO // 

COta + Oot/d' 3 cot.H-COt/i • 

Wo then fcalcG . 

P 

“ r^0^ Hind,. 


(12) 


(IM) 


Xi « 
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which gives as before 

Rt a point on the rim of the disc. 

Also 

;j ^;2 = - sin <?5, 

TT 

which gives at a point on the rim, 


(16) 


( 10 ) 




(IV) 


Henco, from (4), (IS) and (17), we have at a point on the rim of 
the disc, 

n == i mooBd --^{(P,+P 2 ) + Pj^ ooa (i9-t-a) + P 2 ooa (<l-/3)}, 


rO — — mBm 0 sin (0— /Q)}, 


nnd these reduce to 


" = , ,?= 0, 


if WG take nocount of (12), 
Therefore, taking 


Xs 


2;rrt 


^^2 ..3 

4,ra ’ ’ 


(18) 


(19) 


we see that 


X = Xi+Xa+X8 

satisfies all the conditions of the problem, 


2. Peritcaf diso luitJi a circular hole, resting on a horizontal plane. 

The stress system is given, as m § 1, by (8) and (4). 

The disc is now acted upon by a vertically upward force 
7 r(a® - 1 ®)ia, at its point of contact with the horizontal plane, where & 
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18 the inner radius of the disc. If r^, be the polar coordinates of a 
point of the disc, when the point of contact is token os the pole and 
the verfcically upward direction as the initial line, the stress function 


due to this 

force is 






X\ = 

- (a® — 6^) lOTiOi 

sin 01 , 

(20) 

BO that at a 

point on the ' 

outer rim. r 

= a, 



rr = 

_ {a^-h^)to 
2a 

(1 -h cos 0), 

r0=. 

2a 

(21) 

Adding 

(4) and (21), 

we have at 

a point 

of the rim r = a, 


n - 

{aa~b> ^ 

2a 

hho a 

re= - 

bho . o 
•— — sin 

2a 

(22) 


To calculate the stresses across the inner boundary r — b, from the 
stress function I we transform it into (r, 0} coordinates, and we 
have 


Xi — — w sin 0 ton*"* _ r sin 61 
^ a+rcos^ 


But when — ^ < 1, 
-a 


tan”^ 


r sin 0 


a + r cos ^ «ai 




«+i 


n 


r 

a- 


sin n9, 


BO that 


Xi *= a{a^ — b^)w 


a 




oc I 

+ 5 


' 1 7 r 


. «'t-2 


r 


«-3 


n-l\ a / n4-l\“a 


cos nO 


m 


Therefore, when r — 6i we have 


rr 


_ _ {a^ — h^)'iJ0 


2a 


— coa 0 

a 


oo 


+ 5 : - (n-2) 




• 008 7l0 


^ _ (a^~b‘i)w 


2a 


h . 

—sin 

a 


00 

w*?2 




a 


sin nO 


ON SOME TWO-DIMENSIONAL PBOBLBMS OF EliASTIOITY 219' 

Oombining the stress sysfcein (4) with that due . to (23), we have 
on r = 


where 


^ 00 
n =2 an + 3 cos nd, 

^ oo 

rO ^ S sinw^^, 


(24) 


^^0 




“1 2^3 






a bhi> 

“ 2a3 ' 


To neutralise the stress (22) on r — a, and (24) on r — &, wo take 
X 2 = Aor® + Bo logr 


+ 1 4" I OQQ S + 0| (r^ sin ^ — vrlogroos 6) 


oc 


+ 5 ^A„i'« + ^ + 0„r“^-3 + if OO8»0, 
n-a I r" r" ^ J 

where v == /</(A'+2/i), X' being the plane stress oonstanfc. 
The stresses calculated. from (25), are 


" “ 2Ao+-^^ 




oo 

- :s 

fl<«2 


«(n-I)A,r”-g 


( 26 ) 


+ (« + !) (n-2) 0„r” + ^~^^±^^4 oosne, (26a) 


13 
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and 


rO =1 2 Air — ^ 

+ ? j n(n-l) A„r''-2 +w(n + l)0„r« 


_ w(»-l)I>„ 

,.« 1 


Now, let us choose the constants in xsi such a way that 

rr 

h^w . 


= OOB e, 

2a 2a 


re = 


2a 


sin 9, 


(26b) 


(27) 


when r = a, and ^ oo 

n --ao-S 

n**! 

^ CC 
»« 1 

when, r = 

Then the stress function 

X “ Xi+Xc 

is appropriate for the problem, since it gi’vea zero stresses on tho inner 
boundary r =; 6 , and also zero stresses on the outer boundary r = a, 
except at the point of contact with the ground. 

In this way, we find a sufficient number of equations, for tho 
determination of the constants ; only wo get four equations for tho 
three constants A^, and 0^, and we find that those equations arc 
consistent with one another. 

The constants, thus calculated, are found to be 


a„ cos nOi 
sin n6, • 


(28) 


Afl 


iato + i 


'a^-b® 


i 




h^w 

2a 


} 


Bo « -i ab2w-^fi^ = J ah^w, 

. __ b^w vb^iu 

* “ 4^" 4(«2+P) ’ 

T5 _ rrt® b *to ' 

^ “ 4(a2 + h2) ’ 

0, .= b^zv, 



ON SOME TWO-DIMENSIONAL PBOBLEMS OP ELASTIOITI 
and for 2, 

A (n-l) I>„a2 + Q^(l-2”+3 

’* 2w(a-l)ii„ ^ 
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B« = 


0« = 


P„a^^*^~{n + l) Q„a2 
2n(n + l)B„ ' 

P« 

2(w-H)R„ ’ 


13 = Q’l 
" 2(n-l)B„ ’ 


whoro 


Q'l ~ K+/S„) 

B„ = (?l2— 1) (ffS — 62j2.|.(jj2« + 2_J,8»+2)^fl-2« + 2_J-2« + 2)_ 

Let u8 now modify the problQtn, by aasuming that the inner boun- 
dary, instead of being free from traotious, is acted upon by n normal 
traction, p cos 0, so that the resultant force on the inner boundary is 
vertically downwards and is equal to 


7T 

1 


p 00B®d. bdO = nbp, 


This corresponds to the case of n load applied to tlio disc, by nn 
axle which is rigidly fixed to the disc. In this cose, tho’reaotion of the 
ground is equal to ao that tbero is no traction on 

the outer rim except at the point of contact, whore there is a vertically 
upward force 

We then replace w by iv' in the equations (20% (21) and (23) ond 
replace (22) by 


rr 


rO = 


-p M!!.y.rJPj OOB <), 
2« 2« '• 

.in 

2a 


m 


where w' = w + bp/(a^—b^), 
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In (24), ao, a«, Pn hav6 tha samG values as before, except 
is replaced by ; a^, Pi have now the values 




h{^a^-h^)w , h^p 
2a^ » 


that It) 


bHo , 

2a^ 2a^ ^ 


We keep the equations (25), (26a) and (266) as they are, and 
replace (27) and (28) respectively by 


^ (a® — b^)wf 6 ( 6 ^^- 2 ^) a 

rr = -i u cos Of 

2a 2a 


i?= 

2a 

when r == a, and 

^ 00 

rv = — Aq — (aj -p) 009 0-^ s Okn 009 n^, 

«»2 

OO 

rO ^ /8„emn0, 

w = l 

whonr — 6, 


m 



The constants Aq, Bq, A„, B„, G„, D„ have the same values as 
before, except that to is replaced by wt ; and Aj, 3^,0^ aro given by 

^ _ 6(6ia— p) _ vb(bio^p) 

■* 4*2 4(tt2+J,8) ’ 


ii! _ V a^63(6ta— p) 
^ 4{a2H-b3) 

0 , = - ^ h{bto~^p). 


DEPAUT^^BNT or? APPWET) Mathbmatiob^ 
UNIYBRSiry OoLLECB op SoTBNOB AND TEonNOLOGY, 

Oaloutta. 
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Sub, l’bquation aux dbrivees pabtiellbs qui se pbesbnte 

DANS LA THEORIE DB LA PROPAGATION DB L’ELBOTRICITB 

By 

MAnnian be DOTPAnEr,. 


Lea variations du potenfciel 4leol,i’ique dauB un ill qui trnnsmet uno 
perturbation dleotrique ont dti, coinmo I’on sait, reprdsent^es par 
I’dquation 


A 


a®v 

dt^ 


+ 2B 


dV 

dt 


0 


0®V , 
6*2 ' 


V est 1g potentiel, et A, B, 0, sont trois constantes positivoa. 

Bn choisissant convenablement les unites, on pout rdduire I'dqua- 
tion ii la forma 


9®V ^ O0V _ 82V 

6*2 ^ Qt 8*2 ’ 


et enfin, en posant 
on a r^quation 


V=U"^ 

d^V _ d^U ^ U 
dt^ 


H, Poinoar^ a fait, dans les Odinptes rendua, * une discussion des 
int^grales de cette dquation, fort int(3ressante au point de vue 
physique; je veux monfcrer comment P^quation prec^dente pourrait 
etre discut^e de la mani&re la plus simple et la plus rigoureuse h Paide 
de la m 6 thod 0 g^n^rale de Riemann, m^tbode fondamentale dans la 
thtoio des equations aux d^riv^^es partielles du second oidro h 
caract^ristiques reelles : c^est ce que je me propose de d(5velopper ioi. 


1. Je rappellerai d*abord les r^sulbats de Riemann, en me repor- 
tant h la remarquable exposition faite par G, Rarboux^ dans le tome 
II de ses Legona sur la thiorie gdiidrale dea aurfaooa (p. 75), Prenons 
r Equation 


8^^ 

QxQy 



-h 6-^ ^ cz 0, 

Qv 


* H. PoincarA, 5ttr la propagation de Vileetrioiti {Comptes rendirs, 20 O^ccmbra 
1808), . . 
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eti soil) consicl^r^e en mSine temps son adjointe 


Qxdy a* ay g- 

eb posons 

M = aug + i (u-^ — 

\ Qy dy)‘ 

N = &«a + W 

y dx 0® J' 

Soiont B C' (]?ig. 1), une coui'be brac^e arbiti'aii’amsnfc dans le 
plan, at A un. point queloonque de ce plan, 

En d^Bignant par x^, iJq, las eoordonnSoa da A, supposons que 
I’on ait dfitarmin^ la solution 

U (x, y, Xq, IJq) 

de I’eguation adjointe, so rdduisant h I’unit^ pour x= XQ,y = ju, at 
prenanb la valeur 


pour y — IJq, tandis qu’elle prend la valeur 

rv 

\ ady 
■ V?/o 

pour X = Xq. Dans oes conditions, on aura 
_ '“’b ("»o f". 


(Nf?a) - Mdy), 


I’intdgrale ourviligne ^tant prise la Jong de C'B'. 



Pig. 1, 
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Cofcte foumule permet do determiner ia solution fi do rdquation aux 
d^rivees parbielles proposde, qui prend des valours donneea ainsi quo 
Tune de sob deux derivdos pour les points de la courbo 
L 'equation 




0aj 


dx + 



appliqude h un deplacement suivant cetfce courbo, determine evidement 
oolle dea deux deriveos premieres qui n'est pas donneo a priori, 


2. Oeci rappeie, rovenons k requation 
(1) ^ 0 ^ « 

en romplaqant U par Transformonsda en posant 
2X — 05 + if 2Y = 05 — t. 
On obtient tout de suite 


( 2 ) 


exaY 


+ ^ = 0. 


L'equation adjointe est ici : 


8% 

axaY 


+ u = 0, 


o'eat la mSme equation. 

Supposons qu'une integrals de liquation (1) fioit dietermineo par 


les conditions initialea suivantes : on so donne fs efc 


0^ 


pour t — 0, 


ces valeurs etant seulement diffirentes de ndro pour x compris a et 
h (a >b)y 

On volt alors que, pour requation (2), on peut consideror la fono* 
tibn z ainsi que ses ddrivees partielles du premier ordre comme donndcs 
8ur la bisseotrico de Vangle des axes; les valeurs donnees sent aeulc- 
ment diffeventes de zero sur un segment fini de cette bissectrice, h 
savoir le segment determine par les equations 


X variant de b a. 



h 


3. Pour appliquer la rndthode do Biomann, nous avons seulement 
voir si nous pouvons determiner Tintegralo u de requation adjointe 


axaY 


+ tc == 0, 
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qui poui^ X = Xq prend Ja valour m quelquo eoifc ob qui pour 
Y s= Yq prend la valour quolque soifc X. Or cetto rooherohe esfc 
immediate, oar, eu posant 

A - (X Xo) (Y ^ 7oh 

on trouvera une foncfcion u = 0(A), satisfaiaanb h liquation pr^cd- 
dente; on eSeb, on obfcient ainsi I'dquation do Bessel 




et la fonction cherch^o esb la sirio do Bessel 






12 (1.2)^ (1.2.8)S 

4. Figurons (fig. 2) le plan (X, Y). 

L'int^gralo /<i est nulls ainsi quo [ efc par suite ? 

oX \ 9^ 


BUr la 


bisseotrice dos axes, sauf sur la parbio /Say on a sur cetbe parbio des 
successions do valours donndes pour ^ et i d'o{i r^sulto la valeur 

9 ,\ ^ 

)• Nous avons dono la formule 

0 xy 






‘-‘{[(-Si- 


8 It 

ax 

/ 

00 


(IX 


— 0 

TYj 


06 que I'on pout dcriro : 


2 a “ 


{ll0)j3 +(«0)g 


+ if 0 

J n 


00 

0 X' 


00 

8 Y 


(iX 


(Xn - Yn) 
2 ■ 


J 


a 
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On peu6 regnrdor sous las signes d’intdgraiion et a 

oX 01 

comtne des fonetions nrbitrairemenfc donndes de X, diffdrentes de zdro 
Cl I) 

enke ^ efc at nulles pour tout© au6re valaur de X; ddsignons las 



Fra,. 2. 


par ^(X) at y(X). Nous aurons dono 

1. 


f 




JqI 


xmmx 


2Xq — Xq H- ^0, 2Yq — * ccq 

en d^Bignant pas G' et B' les projeofcions de 0 efc B sur OX, et en 
posant 

^0 " '^0 \ 

2 / 



Telle est la forme de Vinidgrale gdudralo cle Vdquation (1). 

6. Disoufeons la valeur de i^Q), quand, Xq 6fcaui} arbitrairo mais 
fijfer to varie de 0 a -t- 3o* , . . . , 

' Supposona % en dehors de I’intervallo ha. Les relations ‘ 

2Xo = Xq q- io, 2Yo == £»o — to* . . ^ 

montrenfc que Je poinb A de opordonn^es Xq, Yq bb d^placo sur unp 
droite perpendioulaire h a/3, comme rindique la figure 8 qui correQ- 
pond h a3o>a. . , ' 

U ' • ■' 



Iji38 ^ - • MAtJIitOE • fig £)tJFFAfiEL 


Tanb que 1^0 esb fcrop patit pour qua le point B aoib siting 1 i;i 



rintervalla ct/3, tous lea iermes Bguranb duns rexpression de Xq) 
Bont nuls. C^esfc aeulement quand B arrive en a que devient 
difiE^rent de z6ro; oeci se produit quand 


Xq ^ 


2 2 * 

o'est-Mire A llnatant et la partie ne contenanb paa de eigne 

.. . , Mjj 

d'intigration dans jko)> fe^eal-i-dire — — , sera diffdrenio de zdro 

depuis le tempa ®o -a jua-qu*an temps XQ'-b. On peut dire que 
oette pariie correspond i uno onde rdgulidvc, 

Une fois le t^dipa d6pa88(i, la valeur de z se rdcluifc h 


a 

r 

*(<0. ®o), " “ M ^ 


^(X)-^(X)dX - fo\ ,x(X)^'W(JX. 


a 


On voib done ainsi bien nettement nne sorte do laissd pat 


2 


Vonde rdguliire guc toprdBeniaii le \erme 

Quant k la valeur asymptblique de ojq) 6b j)lut6b de 

V (*0, »b) “ {ia, %) 

pour Iq trfes grand, elle serait facile k nbtenir h I'aide (:le I'expresaibri 
asymptotiqub bien cobnue de ^(X) pou^ X iriflhi, hiaifl je ne ril'y arr6-* 
terai pas; ce que Jibus v'ehons de dire feb flit pour montrer la nature 
d^kmt^^h^BdeViqudtionde6Ul^tdphlsh^^ 

29^ OBtOHttHEBAT, SXAMBODt, - , 

Tob 9I« n’Euao?*, 



SDH lbs CpUPLES pB FoNOTIONS XJNIFOP'MpS 
D’UNB yARIABLB.. 

(Remarques se rappqrtant aux points d’une courbe 
alg6brique de genre supdrieur &. I’unit^.) ^ 

By 

'■ I 

Mauriob db Duffahel, 

1/ J^aNfcabli autrefois la proposition suiyan^, 

,Si ^ntre deux fonotions analytiques unifprmes d’une variable exist^ 
,une rplatip^ji alg^brique de genre aupdrieur ruaitdj cqs fqniotiopB ne 
peuvpnt ay qir de point sing^^QF , 

Je me suis servii pour la dcirapnisbration,^ ff;a^ 0 QondHn,te (Jp 

la thdorie des fonctior\aiuphs\enne8, .toll,e qq'elle a dtd cqp^tifcyde parH, 
Poincard. Comme je le faisais o^lors rep^arquer, oe thdorfeme montre 
lan^oessit^ deTintroduotion dea fonotions automorphea ou do fonotions 
analoguea dans la th^orie des oourbes alg^briques, puiaquei en laiasaut 
de c6td les genres et wn, il est impossible d^obtenii^ unie repriilBonta- 
tion paramdtrique uniforme par d^s fonotions ay ant des points 
Bitiguliers essentrels isotSs, J’ajfouite, ce qui n'eat pas sans qtielque 
int^rfit historique, que o’est en s'appuyant sur le thdor&mO prdcidint 
que H» Pbizioari dionna le premier exemple ® de fbnotions unifoVniea', 
Bans lignes aingulibres, mais aveo des points ainguliers foyniant un 
ensemble parfait : ce sont les fonotions fuohsiennesi de genre siip^rioilr 
& fin, existant dans tout le plan. 

2. Les conaidbrations employees dans la ddmonstration dii 
tb^orime prbp^dent peuvent 6tre utiliades dans diverses questions 
cpncej'tianf les courbea de f/enve supSrieur i an, de fa 9 on ii obtenir des 
propositions prdsentant une grande analQgle et aueai des diffdrenoos 

La demonstration suppose soulement que lea fonotionp ont une bran olio nniforina 
tlans la vbisinage d*un ;poinfc Bingulior easentiel isoW, s^ns qii 'inter vionne la /fatjon 
dont elles secomportent ailleurs:'* - . 

* Voir la Notice w hs travaux sqienti/lqueif de IL PqincarS, 18 ,(X^arla» Qautbipr* 

viiiMi.iseo). ' ' ■ ' '! “ 
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sonsibles aveo des r^sulliats obtenus dans ces derniSires anudoa poui’ 
une seulo fonction uniforme. Je vais eu donner quel^ues exemples 
dans oe petit Mdmoire. 

8. On sait que M, Landau* a fait connaitre une extension 
exbr^mement remarquable, aujourd^hui classique, du premier 
tWorfeme qu'il a donnd jadis aur lea fonotioua entiires; Cette 
generalisation oonsiste en oe que, si Ton a un d^veloppement taylorion 
comnaenqant par lea termea 

, (c^i+O) 

convergent dans le cerclo de rayon B, efc’ si Ton suppose que dans co 
oerole la fonction ainsi d^finie ne devienne jamais ^gale ii ^dro eb un^ 
le rayon E eat au plus ^gal ^ une oertaine fonction 

E(ao, flj), 

ddpendant miquemeni do et de . OaratWodory a fait donnaitre 
une limit e precise pour cqtte derni&re fonction. Cette question et 
d^aiitrea analogues bnt 4t6 prdaentdes avec une rare 6 Mganoe et sous 
un jour nouveau par Lindelof dans une communication fait© au 
eongr&B des matluSrnaticichs scandinaves. . ■ 

Ceci rappeli, nobs' partons de la courbe alg(5brique . j.s 

tppine (5gal dat/fc. II rdsulte de la thdorie des fonctions 
fuchsienneB qu on peut former^ une fonction y) du point analytique 
y)t bolomorphe dans .le voisinage de tout point ,de la surface d© 
Jliema^nn correspondant it (1), et pour laquelle le ooefTioient de t eat 
, L0S diverses determinations de A(aj, y) se diduisent 
4®' KW® d^les piitr des. substitutions lindairos, et de plus 
exprimer aj eb y par des fonctioria 

.fiutomqrphes, ; . 

Admettons maintenant qu^on puisse satisfaire h P^quation ( 1 ) par 
des fonctions xeiy d^une variable .iniromorphca rint^rie’u.r du 
oerole 0 de rayon R .ayant l^prigine pour centre; on suppose de plus 
jpour =a .p, on ait ia = a, y =3 6 , 1 © point (a, b) itant un point 
prdinaire d( 5 t 0 rmin 6 ,de la courbe* Enlin, spient les ddveioppemeuts 
tayloriens de x ah y autour de is Oi 


( 2 ) 


I o; == a + 

y ^ 6 + 


(aj ^0), 


o'ii il est manifesto quo 6 ^ s^exprinie Ji' Taide de d et de d^. 
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Nous substituoiiB dans la fonction A(aJ, y) h la place de (i, y) !es’ 
fonotions m^romorphes de ss.^ .donfc il vient d'etre parld, La fonction A 
devienb alora une fonction de liolomorphe dans le cercle C, et le 
coefficient de ( dans oette fonction est poeitif. Considdrons alora 
r expression . > . 

. ^ A(a?, y)>-AK h) 

A(tc,2/)-Ao(a, &); 

en d^signant par A0(a, la quantity itnaglnaire conjug^e de A(a, &). 
Le module de la fonction E(j?) holomorphe dona le cercle 0 est 
iiiffirieur I'unit^, Diveloppons cette fonction suiv ant les puiBBances 
de G6mmen9ona h cet offeb par ddveloppor A(aj, 2/) auivant les' 
puissances de aj— a dans le voisinage du point analytique (a, 6); on 
a ainsi 

X(x, y) = fi(a) -^[x-a)/x^(a) ^ 

fiix) ^tant holomorphe dans le voisinage de a. Nous avons alors 

E(;;^) = + 

oA 

A 6= 

wo(«) ^tant le conjugud de /x(a). 

Puisque, dans le cerole de rayon E, le module E(0) est ihfdrieur b, 
un, on aura 

I AjE I 1» 

et par suite 

B :< 

ai/x/(a) 

Nous avons done le tlidorime suivant, oA nous posons 
E(a., a^) = 

: J. 

Gonsiddroni m point (a, b) de la courbe f, on met d la place de as’ 
dans I’equaiion 

(“) /(«. !/) - 0, 

me fonction mSromotphe de e 'dans un certain 'domaino autour 'de 
Vorigine, dont le ddveloppementjayloriefi autour do «=p cat donnd par' 


hio)-Poia) 
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h foTTfivle I 

^ ■f' fl’ j ^ * p » » I • ‘ ; j - \' ', .i^' i, ; >•; 1 

On tire de (a) 7a fonotidny d& prenant ^ ^ Ola vateuv de b\ ' Los deux 
fonctions x et y de is he pourront Stre aimuUaniment mdromorphos dans 
un cerdle ay ant Vorigme pour oentre et un rayon 8iip6rmiv a R{a^ a i) 
expression qui depend seulement de a oi de et nullemont dos autres 
cocffiGiGnta du d4vGloppemeni de x, 

4p Le th^oi: 6 ifli 0 pr^c^depfc peut etre gdn^ralisfS .ori ubilisQ-ftfcr au lieu 
de la fonction A(a 5 , i/), une aubre fo^otion de meme nature. Op peub 
erpployer la fonobion l/)i jouissanb de propridt^a analogues h celles 
de A(»> y}t aauf qu’ello admefcfcra sur la surjEaoo .de Biecaapn des poinijs 
singuliers de pabure logarifchmique 

(^) {^li /^l)^ («'2» ^2)> (“-fft 

rentier q ^tant queloonque. 

Oonsid^rons alora deux fonotions x eb i/d^une variable Batiafaifianb 
h ( 1 ), mdromorphes h Ibntdrieuivdvi cercle 0 de rayon E ayanb l*origiue 
pour centre, et belles que le point de (cc, y) ne coincide dans oe cercle 
avec auGun des points (a^^, suite ( 8 )» Substituons alors dans 

la (onotion 7t(x, y)y h la place do v)} les fonotions mdromorphes dont 
il vient d^^tre parld; la fonction n dovient une fonction de Zf 
holomorphe dans le cercle 0 , et ie coefficient de i dans oette fonobion 
est positif , 

II n^y a plus qu'h raisonner comme nous Tavons fait plus haut, 
pour savoir que la rai/on jB esi infMeur 4 une certaino f onotion do a 
ct de aif en ddsignant toujours par 

X =< 

le ddveloppement taylorien de x dans le voisinage de == 0 . 

6 . Indiquons une autre consdquonce du piflpae genre d^aualyse dans 
un ordre d'id^Gs different, Bivers gdomibres ont indiqud dMmporbants 
thdor^mes sur la oonvergepoe de |3 suites de fonotions.^ Ed laissant 

^ On peat voir pour la bibliographio un moire de Oarabhiodory at Landau j 
Konvergeuf! ^ou Fiinktiop^ofplgon, giUungftbQrjbUte der Kgb Preuapianlion 
Akademio der Wiaaenachaften ( 06 ance du 18 raal 1911, 587 did). On cppaultora aussb 
flur ce Bujet, deux Notes importjanbe&.do M, P. Montel • ** 8 tir lea Couctions ana1ybi(|U03 
qui admettenfc deux valours exceptioUDoHes dana un domaine,** Oomptos rondus Ao, 
dpB tqpie J53, ,^<Sance dp .20 noyombre’ 1911, 088-858; ‘'Sur rind(?t;onniuutipu 
d’une.fouotipu unifpraie dpna Ip ^ypiBinage de sea points essonfeiols/' (i(;/d./p 6 anco du 2(J 
d^cembw; 1455*1458). ’ 
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de <56t4 lo fchdbr^me dMtneiikrtire do Woieretrass, nous avona d'abord 
le th^or&me donii6 pat Stlelfcjea dans son calibre Mdmoiro sur les 
foactions oonfcinues, ^ qui n’est d'ailleurs qu^un oas partieulier d'un 
thdorirae plus rdoent do Vibali, susoopHble d^dfcre ainsi formuM; Soient 
les fonotions 

/a(^)»— - 

holomorphea dans le oerclo 0 de rayon un, eb tellos que Ton ait* 
quelque soit n, 

g dtant uu nombre fixe. On suppose que /«(«?) ait une Jimite^ n 
grandiasQot ind^finimenb, poiir une infinite de points da 0 ayanfc au moins 
un point de condensation k Tintdrieur do 0, Dans oes conditions^ fn{^) a 
nne limite pour to^ia lea points de VinUricur dti ocrole, ot oetie limite 
est nne fonotion holomorphc do ^ k VinUrieur do 0, 

Dans leur Mdmoire (loo, ortj) Oarath^odory et Landau font 
connaitre un th^orime remarqUable pour lequel I'dnoncd eat celui de 
Vitali, satif quo la condition 

!/»(«) I < ?» 

esi repiplacSe par la condition qu^auoune do8 fonotiona /„(;Sf) no prond 
dana to oerole 0 lea vateufa a ci b (a et b 6iani doutc conathptea 
distinctoa), 

0* Nous devous nous attendre h avoir, dans le domaine deS 
oouvhes de genro aupMour h mt un th^orime analogue i celui de 
Oarabh^odory et Landau, maia ou Vinonod n*auTa paa 4 enviadgor do 
valours exceptionnelUa, 

Keptenons la Cburbe (1), solont 

(®1‘ V\)t (^2> 2/ air yn)i 

den couples de fonctions de la variable mdromorphes dans un cerole 
C ayahtroriglne pour centre, ebsabisfaisant auxdquations ^ 0. 

Nous aliens 4tadier ie ihdor^tne suivant: 

8ile couple (xgu yn) (tune limite pour une infinitd do points du 
oercle 0, possidant AU indine un point Ae condensation h son- inUri6Ui\ 
lo couple (Xrt, y„) dura une limite pour tons les points de VintMeur de 
et lea coordonndes do ce couple limite aontdes fonctions mhomorpheB 
de 

^ Voir la correspond unce d’Hierniite ob StioUjes (Paris, Gaubliier^VlUi^ta), tomo 

11,1905, 8 (}$, V V ( ; . ^ 
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II Buffira de reprendre la fonotion A(a5, y) dont nous nous aomtnos 
flervi plus haub, ou plut6b la oombinaiaon ddjii ubilisde 

b) 

X{x,y)-Xfy{a,b)* 

en d^signanb par (a, b) un point d^termin^ de la courbo, ob reprdaentanb 
par At)(a, b) la quantity oomplexo de A(a, b). 

La fonotion de ^ ^ 

^ !/«)’- A(a, b) 

^ ^A((r«,i/«)-Ao(arb) * 

est une fonotion holomorpbe dans le oerole C, et dont le module eab 
inf^rieur h runit^. Nous obbenona ainsi uno suite de fonotions 

Q2(^)» 

holomorpbes dans 0, et pour lesquelles 

\QM I ^1. 

On peut alors appliquer le thdorime de Vitali, puisque GrtW» 
cotnmele couple (x^i l/»), a une limite pour une mflniW de pointa du 
cerole 0 possddant au means un point do condensation dans 0* Be la 
limite de Q-^ so ddduit de suite Texistence de la limite du couple 

yn)t puisque I'inversion de A se fait d'uno mani^re uni forme. Le 
reste de demonstration esb imm^diat. 

7, Les exomples prdo^denta, qu*on pourrait multiplier, suffisent A 
montrer lea analogies que pr^sente aveo le oas d'uno seulo fonotion lo 
caa d^un couple (a;, y) de fonotions uniformes satisfaisant h f (do genre 
p 1), et I'on voit aussi lea diSdrenoes. Oelles'Ci peuvenb etro 
bribvement formuMes en diaant que, dans lo domaine des oourbes de 
genre ^6ro et iw, on doit enviaager dea valeurs cxooptionnelloa, tandis 
que, dans le domaine des courbea de genre sup^riour h wn, il n'oat paa 
ndoeaaaire do oonaiddter. dea valeiira exceptionnelles, O^cat do \h quo 
provient la diff^renoe des ^nonofe pr^p^dents aveo ceux qui ont 4t4 
rencontres anWrieurement. 

. 29 , Obiohli HsaAT, 

‘ Si^AWKourii ' • • 

JapQui d'Hurop®. 
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An Extension op \^riLaoN*3 Thbobbm i ..■. . ' 


By > ;: V: 

N. Bama Bao and N. Basavarajo. 

From the point of view of residueg, Wilson’s theorem,^ i.e., , 

{p -1)1 + 1 Q 0,.. ■, . 

oan be stated as follows : 

! . ' ~ — 1> ... 

1 ^ 0 <p 

(0,p) = l • ; , . , 

In this note, we prove a theorem of this oharacter for any modulus 
W, It may . be noted that the point of proof,' is'that the" congfuenoe ' , 

^ W . ... 

s 1, • ' (»W^8), » : i 

has always an evehi number of solutions',; ' ''' 

Theorem: ^ I ■ i .. v 

f '-1, if m=4,.oivp';.or 22)';: (p >‘2, 1 


Ua 

1 ^ a < ttt 
^m)=l 


( +1, otherwise. 
Proo'f : The oongi-uenoe 


T'l 

{ axi B 1, wh6h(a,w) = l, (1) 

has one and only one solution and it is obvious that (a:, m) = l. 

We now divide the ^ (tn) ‘a’ s into two classes, (1) those for which 
x^d, and (2) those for which a:=o. The former obviously divide 
themselves into pairs. ' The number n of the latter is the number: of 
solutions of ■ 


**' We write a 

10 


s i/ . . 

6 , wiicu wV/ (rt ^ 6) j |) doiiotoa a prime/ * ' " ' 
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It now follows from known theorems* that n ^ 2, if m — 4 or 

4 

p* or 2p^, where p is a prime > 2 and I > 0, and na 0, otherwise. 
Also if 6 is a solution of (2), then so is m — h and (h, m) — 1, 
(m- 6, m) = l and iHr-.h So, the s of olasa (2), oan be divided 
into in pairs of the type b, m — b. 

Hence 

»i . m n 

Ila = Ha. Ila a Ilb (m-b) *=5 (-1)^ 

m Hi 

1^ a < m a* ^ 1 1 b 

Hi 

(a,m) — 1 b® ^ 1 

(a,w)5=;l (a,m)=:l 


•1, if ws=4 or p^ or 2p^ {p > 2, I > 0), 


( + 1, otherwise. 

,R^maTh: The result for w= 2 p^ and 2p^ also follows from the 
theory of primitive roots. This seems to suggest some connection 
between the result of the theorem and the theory of primitive A roots, i 
although we fail to see wh^t it is. 

The preceding proof depends on the theory of quadratic residues. 
Since Wilson's theorem itself can be proved without recourse to the 
theory of quadratic residues or primitive roots, a proof of: the theorem 
by induction alone, starting from Wilson's theorem, would be of 
some inter estji 


Then 

< 1 : 

and for A > 2, 


Tla =1 Bi ±l: 

o<a<:2 > (0) 

Ha = 1,3 • ^*^1 j 

(a,4)=l 

0<<t< 4 


n» » n<i. n(2^-a) 4 (-1)2^"® na^ 4 1, 

(a,2)=l {(1,2) =1 (a,2) = l («,2)=1 

<),<a<2^ o<a<2''’ ’ «)<a<2-~^ o<a<2^~^ 

* See Landati, yor^eft^is^an ^)^ber■ Z^l^le^ltUeofi6, Bd. 1 , Salz 88 aqd Satz 7J , 
t See Oivrmiohael, Theory of Numbers, Oh, 5, 
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A-' 

^ i 1; and tie j*e6blt' follows froin (8) by iiidtajtioii; 




(«) Let m=sp', p>2, J>0. 

; • 'M i • 

Then, by Wilson’s theorem, 

Ha . (4) 

o<a<p 

(a,p)=l 

and for 

pjj * ' 

Ha ssH n (rp*”^ + a) e[ Ua 
o<o<p' '■-» o<a<p'-i o<a<p'“-? 

{a,p)=l (a,p)«l (o,p)»l “ 


P 

( sinoe Hl/a so) 

o<o<p»“i 
(o,p)=l 

0 vL 

»(-l + vp*-l) m -1, (6) 


if Ila ^ -1; and the result follows from (4) by induction. 

o<fl<p*“i 

(a.p)=l 


Finally, let in be any composite number containing at least two 
distinct primes as factors. We now observe that for a > 1, 6 > 1, 

(a,6)=l, {!»,a)nsl, the congruence j/b a;, o'^ij<ab, (y,ab) = l has 
exactly ^ (6) solutions. 


({{{) Let m=2p , pl>2. 

/>* 

Then Ua b Ua s— 1, 
o<a<2p 

(ti, p) === 1 (^*'»p) ^ 1 

Hence 



o<a<2p‘‘ 



^ 1^38 iif* BAMA BAD A^ N. bASAVaBAjO 

since ^tho produci of anj? pymb^r of . pdd ^nteg6t?8 , ^ ± Ijt 


(iv) Let ni^p[^ and ^ 2p\ bo that for ever}^ 7i;, 


> 2 and consequently 0 [ ~rr ] is given* 

Vr /;,v- 


r 1 v* f I ^ 

na 3 na ^ \ / si. .(7^^1, 

o<a<m L J 


Hence 


Tla 

o<a<m 




Andhra University, 

.a i.-; ’ r::.,;;; 
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' ' Numerisohb Idbntitaten 

By ... . . . 

Alfred Moessnbb 

tl 

I» (a) Das Symbol — bedoute, dass Summengleiohheit in K 
verechiedonen Potenzeu besfcehe. So bedeutot zum Exempol 

D,B,P,.a, , (n = l,2, 8). .. , , 

dass GleiohungBsystom 

A ■f' D + 0 D B + E + 0, 

A2 B3 + 02 ==:b3 + B2 Ve® 

Nach einem Sake dor Zahlentheorie foigt aus . > : : - , , 

Aj[, Afl, Agi ♦./ B^3’ 

fiir n^2, 4 2k mifc fc + 1 Gliedern auf jeder Seite die Identitat 
Aj-OJ, A^-a?, As— i, ,,,, B^H-aJi B^+a;, Bs + oj, 

;«*> Bi-ic, Ba-rte,' Bg-o:,. c.;,,- Aj-h®, :Aa+,®, A3+®, ... 

fur «•=!, 3, 6, ' ■2B+1 niit 27«+2 Gliedern auf jeder Seite. 

Dieser Safcz aei in naohfolgenden Zeilen auf einige numeriBoho 
Identitaten angewondet, wobei gewissa Bedingungen erfullt warden 
sollen. 

{b) let eogibfcaii:2 die Gleiohung Af-i-Ag i=:. B}+'b§. 



UO 


AiiFiiBb 


Hiebei sei Aj 4^ A 2 und Bj ^ Bg. Wenden wir nun den Satz unter 
(a) auf diese Gleichung an, so erhalten wir Belationen von dor 
Form 

Xi,X 2 , ... X, = Y 1 .Y 2 ... Y„ (n-1,3), 

wobei steta + <9is(jund wobei alle Glieder poaibiv werden, 
wenn die negativen Glieder auf die enfcgegengeaetzfce GleichungBSeite 
geschafftt werden. Wir bekommen die versohiedenaten JRolationen, 
je nachdem wir setzen 



At ’*1" Ao 

* “ 

Oder 03 

_ Bi+Ba 

2 

oder X = 

Ag — Aj^ 

oder 

X = Bg-Bj 

Oder X 

_ Ai + B, 

Oder X = 


. 2 

2 

Oder 

» A 1 +B 3 

2 

Oder X 

_ Ag + Bi 
- 2 " 




Hier seien einige numerisobe Bxempel angegeben : 

Aus 7^ + 9^ « 8^ + 11®, folgt bei 03=9—7 die IdenfcitHfc 

6, ’7, 6, 18 ^ 1, 9, 9, 11 (n=l, 8); 

auB l^ + 8^=4* + 7® folgtbei aj=8— 1 dieBelation 

1, 8,11,14 « 6, 8,16,.. (rt=l, 8) ; 

aus 2^ + 16® =5 8^ + 14® folgfc bei aJ= die Identitiit 

. 1,17,23 * fi, 11,26, (n«l, 8) ; 

bei .7® +62=2® + 9® ergibt «=2 dasEeBultnij 

r 6, 4, 4, 11 = 7, 9, 8 (tt=l, 3) <; 

BUB 7® + 9®.= 8® + 11® wird bei das Eeaultat 
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2, 2, 8, 6, 18 ^ B, 10 , 11 ■ (tt==li 8). 

(e) InteraBBantere Falle orgeben sioh, wenn man von der Gleiohung 

Af + Ai = Bf + B§, 

wobei Ai=Ag,.ausg6h(i. 

Setzt man bier as—A j^Ag, so bekommfcmanllelationen vender Form 

Xi, Xg, Xg = Yj, Yg, Yg (tt-1.8). 

So wird aus 6® + 6® = !** + 7® bei »=6 die Identitttt 

2,3,6 = 1,6,6 {n=l, 8). 

Geht man von der Gleiohung 

A? + A| = B? + BS, 

wobei Bi=0 isfc, also von oiner pytbngoraischen Gleiohung, aus 
und sefczfc !B=B 2 , bo komm6 man zu Bolationen von der Form 

U, U,2U .= Q, E, V, W (n==l,8). 
SofolgtauB 82 + 4^=08 + 6® bei a!=6 die Identitak 

6, 6,10 = 1, 2, 8, 9 {n=l,8). 

Setzb man bei 

A? + A| = Pf + B§. 

B 

wobei Bi=0 iat, so ergeben sich Kelationen von der Form 


Fine Ausnahme maebt 


P - S, T, Z (n«l, 8). 

+ — denn bier ergibt = — die 


Relation .1 



m: 
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S^tzfc man bei Af :f A|=Bf + B§ wobei Bj =0 ist, *=* . 4i ~b-^9 ^ 

2 

bekommt man Eelationen von der Form 

G,a,H = J.K.L (»=1, 8). ; . , : 

Bxempel:Au9 103 + 242=02 + 262 ergibt a:=i^^t^ die Eolation 

Jt 

17, 17, 43 = 9, 27, .41 : (»?= l,r8)i, 

(d) Wir sefczten bei de Gloiohung 

A^Ai = Bf + B§, 

wobei Bj =*0 iat, a:>= (Annahme : A3>' Aj) und orhalton 

dann Identitflten von der Form / ’ , 

A2+A2 + B+0 = D2+DS + ]j; + 

A« + A3 + B3 + 08=B‘>+DC + E''' + P2. 

Exompel : 102 + 242 = 02 + 262 ergibta:=18undmanboli:ommli ' * 

82 + 82 + 8 + 22 = 22 + 22 + 14+21, 

S2 + B‘> + 82 + 228=22 + 2<' + 14* + 2l2i 
Fine aingularo L6sung ergibt 82+42=02 + 62, namliob 
22 + 22+82=12 + 18 + 7+8', 

20 + 20 + 80=10 + 10 + 78 + 98^ 

II,. Wir wonden den Satz unter (la) auf die Eolotion G, G = 

J, K, L, fur n=2und 4 an. (N.B. Hiebei musa eteta J + K=£ 
Bein.). Wir sohreiben dio Eolation analog gewiasen Fallen untor I 
in dieser Form : i ^ . i 

0, Qi G =» J> K, L f{iy nw2, 4t 
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•.(ft) ^yir setzen a!=2G und bokommon , , r ; 

-2G,-a-;‘^a, j + 2Q,K + 2G, L+2G •' ' 

== J+2G, K+2G, L+2a; 2G, 6G, SG, fur 1,3, 6. 
Ba ergebou Bich Ideatiliilten voU der Form 

Ml, Ma, Mg^ Mg, Mo ^ 2 {N, P, Q) . 

fiir n = l, 2, 3, 4, 6, wenu man die nogativen Glieder auf die entgegen* 
gesobzte Seite aohafft. 

So bekommt man aua 

. . , , .j; 

0, 7, 7 = 8, fi, 8, 
tiir n=2, 4, wenn a!=2.7 iefc, die Idenfcltlt 

" ■ ' ' • • ■ -. 7 / 

■ ‘ 6, 9, 11, 17, 19, 22 = 2 (7,. 14, 21) fiir n&l, 2, S. 4, 6. 

N.B,, Bei der Idontitlifc 

^2 M(j = 2 (N, P, Q) fiir »= 1, 2, 8, 4, i), 

beslehen nooh die Boziehungen P=2N und Q«8N,,f6rner : 

Mj+Mq = M2+M5 n= M’s’ + M^ssN + Q r=> 2 P. . 

■ (S) Setzt man bei 0, G, G « J, K, L fflr nt=2, 4 bei Anwendung ’ 

dee Satzes untev (lot) fiir x—Q, ao b6komm6 man Identitfttea van der 
Form ■ 

ft, b, c, (I, 0 = /, G, G, 2G, 2G fuprt^l, 8, iJ* ' ‘ 

( 0 ) Setzt man bei 0 ,G,”g = J, K, B. tuP«=.2, 4 bei Anwetdufig 
dea 

erwiilmten Safczos fiir - ^ bo bebommon, wir Idedtikilten von 
dor Form 

, Of Of Of 1 ■“* Vf Of n T far . 

16 
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^enn mau die negativen Glieder auf dieontgegengesetzteSeifcoaohafffct 
Da sich beiderseits ein Qlied Bfcreiohea Itiasfc, wean mam bei 

0| 7| 7 8, 6^ 8 furn=2, 4 


7 — fi 

den Satz unter (I o)anwendet und ; b=— ^ setzfc, bo ergibt aioh aua 

diesem numerisohen Bxempel die merkwiirdige (singuiaire ?) Identitat : 

0,6,6, 9 = 1,1, 2, 7, 8, 8 furw=l, 3, 6. 

{d) Wir setzen bei 


0, 2Gi, 2G = 2J, 2K, . 21j fiir w>=2, 4, fiir aJ=2J + K, 

und wenden unaeren Satz an, dann bekooitnen wir, wenn wir die 
negativ^ Glieder .auf die entgegengeaetzte Seiko aohaffen, Idontitllfcen 
7 on-'dor F’orin ' 

g, r, r, a, t,u = 2(u, w) fur w = l, 8, 5. 

BoispiehTBei 

.. 0, 26, 26 « 14, 16, 80 fur 4 
ergibt sich 0 ?=^ 14+8=22 und wir bekommendasnumerisoho Dxompel 

’ ‘ ' 8, 2, 2* 18, 19, 26 = 2(11,24) furw = l,8, 6, 

naohdem wir den gemeinsamen Fakbor 2^* gesfcriohon naben; 

Bemerkung: Wir haben durch Anwendung eines cin^igcn Bakes in 
olementjirer Methode iibnliohq Idenbitaten enbwickelfc, wie sie A. 
Golden* land, . i. 

Nuriiberg, Germany,, i . ^ 

* 0/» Ni0uw Arobiof voor Wiskundo, 1080, 80, (Edition Noordboff, Groningon 
i, Holland).;*' ^ j ^ ^ ^ 
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Rings with Non-Oommutatxvb Addition 

By 

Oloa Taussky. 


In u pnpor to npponr in Monatsholto lurMathomatik und Physik 
I’ll. Purtwlingloi* and I proved that a ring whioli contains an element 
wLioh is not a zero divisor lias uooossorily commutative addition. 

'i’ho term ring is used for an (not nocosaarily abolian) additively 
written group Q for whoso olomonta a second coinpoaition (called 
multipliontiou) is dofluod such that 

tt(f)*l-o) =s aI) + flo. 

(f) H-o)ft = htt+otf. 

Wo shall prove a tlioorom which gonerallsos the fact mentioned 
above : 

Theorom I, Auy two clomonlu of a ring whioli arc ■produota aro 
pomuiahlo, 

Proof, Lot us denote the additive group of the ring by G, Let 
ii,h,o,(l bo arbitrary clomcnln of G. According to the distributive 
laws wo can oompulo tho product 

(a~l-b)((Hd) 


in two difleront ways. Wo obtain thus 


houou 

If wo put 
wo obtain 
or 


«o-l-6o-l-(i(I + b(I » no -I- «d •1-60 + 6 ( 1 , 
6ol-«(l a «d-|-6o. 

(( ea b, 

(l(O'hd) «(dI-o), 
ft{0'l-d-o-(l) =0, 


I'roin this, tho tbooroin mentioned at tho beginning follows. ' For, 
If there exists a non-zero divisor, (( in G, o-i-d— o-d is necessarily zero. 

Wo can oven say : If ilwro oxiala an elcmoni which ia not both 
tofi and rigid nofo-diviaor, 0 h neccaauribj abelian, I'or, If 0 is loft 
ssoro-divisor, but not right zero-divisor, we consider tho expression 

(o-l-d){rtl- 6 ) 

and put fl m 6 . 

It follows (0 -P (f — O -(/)((» 0 , 

honoe o-i-d «=> d+o. 
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Hence : If G is noi aheliany every commuiator and therefore every 
element o of the commutaior suh-grotip Qf ia absolute mo clivi8oi\ 
».e,, eg « go = 0 for every g e ; 

From the distributive laws follows then ; a product is not altered 
if one adds an element of to one of Its factors* From this 
follows 

Theorem IL The mnUiplicaiion of G inducca a multipliGalion for 
the residue’Classcs with respect to G^ G — G^ is, of course^ a ring 
toiih comn^^ttaiive addiimi, : . 

As the elements of G which are products aro pormutablg among 
themselves, they generate an abelian Bub^-group P of G. Let us call 
I the group which is the intersection of P and QU If I — 0, no element 
of except 0 is a product and every residue-class with rospect tP 
Q' contains at most one element which is a product. In what, follows 
w© shall consider rings such that 1=0. 

Theorem IIL Let G-G* be a ring, The multipUoaiion of 0-*Q^ 
can ho extended to niultiplication for O such that 1 = 0, if and o7ily 
if in every class of G — which is a produoty a representative <)an bo 
choaen such that iheso elements generate a group which has no inter- 
seotiomoiih Gf, 

Proof* The condition mentioned in the theorem is obviously 
neoesaary. 

We prove now that the condition is suffloient. Let there exist a 
set of elements representing the residue-classes with respect to Q^ 
such that the group generated by the elements which represent 
products has no intersection with G^ Let us define the prod dot of 
any two elements a, b of G as the element which represents the 
product of the classes defined by fi and 6. We have only to prove 
that the distributive laws hold for this multiplication. Let 6, o 
b© any elements of G* Since the distributive law holds fPr Q'^G', 
tho elements a(6H*G) and ab+ac are In the same class with roepoCt 
to GL Hence, they can only differ by an element of G'. But 
a(h -t-o)-ab— ac is an element of the group generated by products; 
Hence it is 0, In tho same way tho other distributive law follows. 

* If G ooiucidee wilh G' it can only be a ringt where ab -0 Tor every a, b t 
The anfebor ifl indobtod to Mr. H. Mann for a helpful remark. 

^ ■ i :,j 

1 ii 
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